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Abstract 
In this thesis I study semi-leptonic decays of mesons containing one heavy and one 
light quark. I describe the necessary theoretical tools of Lattice Gauge Theory 
and of Heavy Quark Effective Theory. 
The six form factors describing the semi-leptonic decays are extracted from a 
lattice gauge theory calculation. The dependence of the form factors on the masses 
of the heavy and light quarks is studied. 
The results are compared to the predictions of Heavy Quark Symmetry and cor-
rections to the exact symmetry limit of infinitely heavy quarks are analysed. 
The slope of the Isgur-Wise function is extracted from the lattice simulation and 
it is used to extract the Cabbibo-Kobayashi-Maskawa matrix element Vb. The 
results are compared to those of other authors where possible. 
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Introduction 
This work describes calculations of physical quantities of the Standard Model 
(SM). The SM successfully describes the strong and electro-weak interactions of 
the fundamental particles, quarks and leptons, over a wide range of energies. Ar-
guably the two main problems the theory is faced with are the large (> 20) number 
of free parameters required as input and the lack of theoretical understanding of 
processes at very low energies ('-"few GeV). In this regime the non-perturbative 
long-distance forces of the strong interaction, Quantum Chromodynamics (QCD), 
lead to the confinement of quarks and gluons into hadrons. 
Many of the unknown parameters arise in the weak sector of the SM. Most impor-
tantly, the quark and lepton masses and the Cabibbo-Kobayashi-Maskawa (CKM) 
matrix elements, which describe the mixing of mass eigenstates under weak inter-
actions, are all part of the flavour sector. Weak decays of B mesons can help de-
termine many of these quantities. However, the confinement of quarks in hadrons 
due to the strong interactions plays a crucial role in these processes, one that is 
a priori impossible to disentangle from the weak interactions. Without an un-
derstanding of the non-perturbative part of the interaction it is not possible to 
extract information on the fundamental parameters of the weak sector. 
To reduce the theoretical uncertainties in the calculation of hadronic matrix el-
ements it is instructive to consider certain symmetry limits. Thus, in the light 
quark sector, the masses of the u and d quarks can be set to 0 to a good approxima-
tion, and even the s quark is sometimes taken to be massless. In these limits, the 
theory yields new relations between physical quantities. Similarly, in the heavy 
quark sector, regarding the b and c quarks to be infinitely heavy leads to immense 
simplifications. To make proper use of these symmetry limits it is necessary to 
formulate them within field theory in such a way that it is possible to incorporate 
symmetry breaking effects order by order in the expansion parameter, 	- for 
chiral symmetry and AQOD  for heavy quark symmetry. Whereas Chiral Perturba- 
heavy 
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tion Theory has been in use for many years, it has only recently become clear that 
an equivalent effective theory can be formulated for heavy quarks. But although 
Heavy Quark Effective Theory (HQET) is still a new theory its development over 
the past few years has already produced a wealth of knowledge and predictions. It 
is constructed in such a way as to reproduce the low-energy behaviour of systems 
containing one heavy quark in QCD. 
Semi-leptonic decays of B mesons (see figure 0.1) are without doubt one of its 
show-pieces. The discovery of the Isgur-Wise function, one universal form factor 
instead of six to describe B -* D1i7 and B - D*1i7 , prompted a flood of papers. 
It opened the way to a quasi model-independent extraction of the CKM element 




Figure 0.1: Pictorial representation of weak semi-leptonic decays of B mesons. 
Mediated by an electro-weak current the b-quark decays into a c-quark with a 
light anti-quark as "spectator". The weak interaction vertex is proportional to 
the CKM matrix element Vb . For the weak interactions this diagram can be 
thought of as a Feynman diagram; however, the strong interactions, mediated by 
the gluons, are non-perturbative. 
Nevertheless, tests of the theory are difficult to perform since many of the quan-
tities involve non-perturbative interactions. Although many useful relations be-
tween hadronic matrix elements can be derived, it has, so far, not been possible 
to analytically calculate these quantities without recourse to a model or certain 
assumptions. 
Lattice Gauge Theory (LGT) allows ab imitio model-independent non- perturb at ive 
calculations in QCD. Hadronic weak matrix elements, such as the one of the 
process in figure 0.1, can be calculated from first principles to an accuracy limited 
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only by computer resource. LGT is therefore ideally suited to test the predictions 
of HQET and to analyse symmetry-breaking corrections. The main advantage of 
Lattice QCD is of course that it is QCD. By this I mean that any Lattice QCD 
calculation naturally incorporates the effects of long-distance non-perturbative 
QCD contributions mediated by low energy gluons. This is only slightly marred 
by the fact that the vast majority of today's lattice calculations are performed 
in the "quenched approximation", omitting all quark loops. Nevertheless, it is 
fair to say that Lattice QCD calculations have matured to such an extent that 
theorists and experimentalists are turning more and more to lattice calculations 
to help determine the fundamental parameters of the Standard Model. 
To evaluate the matrix elements for the semi-leptonic decays B -* DIP and B -* 
D*11 in a LGT calculation one needs to calculate the hadronic three-point function 
in which a b quark decays into a c quark, mediated through a vector or axial 
current V = b-yc, A = y7 5 c, in the presence of a light spectator anti-quark. 
The three-point function can be represented diagrammatically in analogy to figure 
0.1 as shown in figure 0.2. 
D, D* 
Figure 0.2: The Lattice three-point correlation function needed to extract the 
hadronic matrix elements of the decays B -* DIP and B -~ D*lv . The lines 
represent quark propagators and B, D and D*, and J are lattice operators. 
This thesis brings together lattice gauge theory and heavy quark effective theory 
in an effort to find model-independent predictions for some of the fundamental 
non-perturbative quantities with which HQET is concerned. The form factors of 
the decays B -* DIP and B - D*lv are calculated in a quenched lattice QCD 
calculation and are presented with a detailed analysis of the statistical and sys-
tematical errors. The results are compared to the limit of an exact heavy quark 
symmetry in which certain form factors vanish and others are identical to a uni-
versal form factor, the Isgur-Wise function. Predictions of HQET are limited to 
the kinematical case where the velocity of the heavy quark inside the hadrons 
is unchanged; this calculation enables a model-independent determination of the 
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form factors' dependence on the velocity transfer away from zero recoil. Further-
more I study the symmetry-breaking corrections to the limit of infinitely heavy 
quarks; at subleading order in the heavy quark expansion several new form factors 
need to be introduced which are themselves fundamental non-perturbative quan-
tities. Since the masses of the quarks can be varied at will in a LGT simulation, 
it is possible to study the form factors' dependence on the heavy quark masses in 
detail. 
One of the most important applications of HQET is the extraction of the CKM 
matrix element Vb.  It is possible to determine this quantity by combining ex-
perimental data for the decay rates B - D*1i7 and the value of the Isgur-Wise 
function at zero recoil predicted by HQET. These determinations of Vb have 
been termed model-independent in the literature. However, they are faced with 
two problems. Firstly, it is difficult experimentally to obtain data for the decay 
rate B -f D*lt  close to zero recoil and secondly the predictions for the symmetry-
breaking corrections, which arise since the b- and c-quarks are not infinitely heavy, 
are model-dependent predictions. The lattice calculation I present here can help 
eliminate these uncertainties. Since the form factors have been calculated over a 
wide range of velocity transfers I will be able to determine their functional form 
close to zero recoil where experimental data is sparse. This will facilitate the ex-
trapolation to zero recoil since it will allow me to fix the value of the slope of the 
Isgur-Wise function at zero recoil to its lattice value. Furthermore, the symmetry-
breaking corrections to the limit of infinitely heavy quarks can be studied on the 
lattice in a model-independent way. The size of these corrections at zero recoil has 
been the focus of much attention recently since it is the main source of theoretical 
uncertainty in the extraction of Vb. 
The plan of this thesis is as follows. In Chapter 11 give a brief introduction to the 
HQET focusing on the predictions for semi-leptonic decays. The extraction of Vb, 
its experimental and theoretical uncertainties, are explained in some detail with 
the emphasis on a separation of the model-dependent from the model-independent 
factors. In Chapter 2 I summarise the main aspects of Lattice Gauge Theory and 
give an overview of the main systematic and statistical uncertainties. Chapter 3 
is more technical as I explain the calculation of two- and three-point functions 
necessary to extract the matrix elements this thesis is concerned with. Chapters 
5 
4 and 5 form the core of this work. They contain the analysis of the matrix el-
ements for B -p Dlv and B -p D*1i7 decays. The six form factors parametrising 
the decays are extracted and their functional form is determined. The functions' 
dependence on the masses of the heavy and light quarks are analysed and sev-
eral phenomenologically interesting ratios are calculated. Chapter 6 provides a 
comparison of the results to those of other authors where possible. The matrix 
element Vcb is extracted combining results of Chapters 4 and 5 with experimental 
data from the CLEO and ARGUS collaborations. At the end of Chapter 6 I draw 
my conclusions. 
Chapter 1 
Heavy Quark Symmetries and Meson Decay Form 
Factors 
In this chapter the ideas of Heavy Quark Symmetry (HQS) are presented. Section 
1.2 introduces the Heavy Quark Effective Theory which provides the framework for 
analysing heavy hadron decays. HQET allows a systematic expansion of hadronic 
properties in powers ofi-, where mQ denotes the mass of the heavy quark. After 
a discussion of the infinite mass limit, mQ -+ oo, in section 1.2.1, the symmetry 
breaking corrections are analysed in section 1.2.2. 
Section 1.3 applies the formalism of HQET to the analysis of semi-leptonic decays 
of heavy mesons. Again, the discussion is split into an exposé of results at lead-
ing order (sections 1.3.1 and 1.3.2) and a subsequent look at symmetry-breaking 
corrections. Whereas in the limit of infinitely heavy quarks a single function suf-
fices to describe semi-leptonic decays between both heavy pseudoscalar and vector 
mesons, a larger set of form factors must be introduced at order 	A second mQ  
source of symmetry breaking arises from hard gluon exchange. Section 1.3.3 pro-
vides a brief description of these corrections which can be calculated perturba-
tively. 
Throughout this chapter an attempt is made to disentangle model-independent 
predictions from model-dependent ones. This is particularly important for un-
derstanding model-independent extractions of the CKM matrix element Vb. In 
principle, this weak mixing parameter can be obtained in a model-independent 
way from the measurement of semi-leptonic decays of B mesons. In section 1.4.1 I 
compare several ways of extracting Vb from different experiments and discuss the 
relative advantages of these methods and the theoretical uncertainties involved. 
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Extensive reviews have appeared on this subject recently in which all of the above 
mentioned topics are treated in detail [1, 2, 3, 4]. 
1.1 Heavy Quark Symmetry 
Analytically, the theory of Quantum Chromodynamics has proved to be intractable 
at low energies. In this regime the strong coupling, a., is of 0(1) so that per-
turbative methods, using the running coupling as the expansion parameter, fail. 
Predictions are therefore not based on dynamical (analytical) calculations but 
rather on symmetries of the theory. This has proven to be very successful for 
chiral symmetry SU(3)L x SU(3)R which arises in the limit where the masses of 
the light quarks (up, down and strange) are treated as small compared with the 
QCD scale. This scale, AQCD - 0.25 GeV, separates the regions of large and small 
coupling. It also naturally separates the quarks of the standard model into light 
quarks and heavy quarks (charm, bottom/beauty and top). For heavy quarks the 
strong coupling is small at the energy scale of the heavy quarks and QCD inter-
actions on length scales of the order of the heavy quarks' Compton wavelength 
are perturbative. This is the first reason why strong interactions of systems con-
taining a heavy quark may be simpler than those containing only light quarks 
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. Indeed, if one were to deal with heavy quarks 
only, heavy meson properties could be calculated from first principles. This idea 
was used as early as 1975 to predict the properties of charmonium QQ states [15]. 
But QCD is not that simple for bound states containing a heavy and a light quark 
in a heavy meson or a heavy quark and two light quarks in a heavy baryon. The 
size of these states is of order 
AQCD 	
1 fm and at these distances the coupling 
o becomes large so that the QCD interactions of the light quarks and gluons are 
confining. This cloud of confined light degrees of freedom in the heavy hadrons 
has been termed the "brown muck" of hadron physics by Isgur [3]. It is the brown 
muck which prevents any analytical first-principles calculations in heavy quark 
physics. 
Again, one may use the heaviness of b and c quarks' to arrive at a simplification: 
'The top decays too fast to form hadronic bound states; therefore the term "heavy quark" 
will refer to b and e quarks only. 
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As the heavy quarks become heavier, their Compton wavelength becomes so small 
compared to the size of the hadron, AQ << Rhad, that one needs to go to very 
small distances to see the heavy quarks' structure. But the gluons' coupling to 
the brown muck is soft, their four-momenta are small compared to the mass of 
the heavy quark, so they cannot resolve the structure. Consequently the light 
degrees of freedom are insensitive to the flavour and spin of the heavy quark. 
Although the colour field of the heavy quark extends out to large distances because 
of confinement, the chromo-magnetic moment of the heavy quark decouples as 
mQ -* oo. But it is only through such relativistic effects that the spin of the 
heavy quark couples to the spin of the brown muck. Therefore all heavy quarks 
look like scalar heavy quarks to the light degrees of freedom. Furthermore, one 
may consider two hadrons, each containing a single heavy quark, taken to be 
of different flavour. They are so heavy that they practically define their own 
center of mass. In the rest frame of the hadron, it is then possible to treat 
them as static colour charges at the origin. The hadronic systems that can be 
built around the two different heavy quarks out of the light quarks and gluons 
will be the same; QCD will distribute the brown muck around the two static 
colour charges identically and independently of the heavy quark's flavour [16]. 
It should be clear however, that this observation does not allow one to calculate 
analytically the configuration of the light degrees of freedom. But the fact that the 
solution of the QCD field equations are independent of mQ as mQ -* 00 provides 
model-independent relations between the properties (mass-spectrum [17], decay 
constants [14, 18, 19], matrix elements [12, 14, 16]) of hadrons containing one 
heavy quark. 
1.2 Heavy Quark Effective Theory 
The ideas of HQS can be translated into an effective theory which reproduces 
the low energy behaviour of QCD. This theory, known as Heavy Quark Effective 
Theory [20, 21, 22, 23, 24, 25, 26, 27, 28, 29], is best constructed in two steps. 
First, one considers the limit in which the masses of the heavy quarks are taken to 
infinity with their four-velocities fixed [26]. The Lagrange density of the effective 
theory displays a heavy quark spin-flavour symmetry which is not manifest in 
the full theory of QCD. Its physical content is that the strong interactions of a 
heavy quark become independent of its mass and spin [16]. As a consequence, the 
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complexity of hadronic systems results from the strong interactions among the 
light degrees of freedom only. This leads to relations between hadronic quantities 
such as decay amplitudes and weak matrix elements. Most importantly for this 
work, the set of six form factors needed to parametrise the exclusive weak decays 
B -p DIP and B - D* IF is replaced by a single universal function, the Isgur-Wise 
function. The strength of this result lies in the fact that it is a model-independent 
consequence of QCD in the limit of infinitely heavy quarks [13, 16]. 
However, heavy quark symmetry is an approximate symmetry since the quark 
masses are not infinite. In a second step it is therefore necessary to study sym-
metry breaking-corrections. 
1.2.1 Leading Order 
The starting point for the construction of HQET is the part of the Lagrange 
density of full QCD involving the conventional heavy quark field Q(x) 
£ = 	- mQ )Q(x)  
where P is the covariant derivative 
D = 9,, - 	= 	 (1.2) 
The quark momentum Pli,  can be split up into a kinetic momentum mQv4 and a 
residual momentum k, 
(1.3) 
where & is the four-velocity of the hadron, satisfying v•v = 1. The momenta 
exchanged between a heavy quark and the light constituents (gluons and light 
quarks) are much smaller than mQ. The residual momentum is of order AQCD so 
that, as mQ - oc, the heavy quark is nearly on-shell. The QCD interactions of 
the heavy quark and the brown muck do not change the heavy quark's velocity 
or its flavour. Kinks in the heavy quark's trajectory or changes in flavour must 
be caused by an external non-QCD agency like a weak current. 
The global symmetries of HQET in the mQ -+ oo limit are strikingly apparent 
in the Feynman rules of HQET [18, 20, 22, 27]. The heavy quark propagator 




where P+(v) = (1+ ) is a positive energy projection operator. The property 
= P+vP+ means that the vertex between a heavy quark and a gluon 
can be simplified, too 
-ig'y--- - —igv'--. 	 (1.5) 
Thus, the propagator of a heavy quark is independent of its mass and since 
no gamma matrix appears in the HQET coupling of a heavy quark to a gluon, 
eq. (1.5), the theory exhibits a spin symmetry. The relations eq. (1.4) and eq. (1.5) 
can be represented graphically as 
—zg-- 	 —igv"-- 
These Feynman rules can be derived from the HQET Lagrangian that is obtained 
from the full QCD Lagrangian by the replacement [26] 
h(x) = e' 7'QP(v)Q(x) 	 (1.6) 
The field h(x) annihilates a heavy quark with velocity v. The phase factor in 
eq. (1.6) removes the kinetic momentum so that the effective heavy quark field 
h carries the residual momentum k 	O(AQCD). It is subject to the on-shell 
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constraint 
= P+h = 	 (1.7) 
which means that the space-time dependence of the heavy quark field is that of a 
free particle moving with velocity v. 
The Lagrangian to lowest order in HQET becomes 
= hivDh eff 
= v(ivôp.+gTav'A)hv . 	 (1.8) 
This is not a non-relativistic approximation since the heavy quark's velocity v is 
completely arbitrary. For each heavy quark in the process under study one has 
to add a term of the form in eq. (1.8) to the Lagrangian. To describe the decay 
of a heavy quark Q(v) into another heavy quark of different velocity Q'(v') the 
Lagrangian would have to be 
= 	iv D h + ii:', iv'. D h,. eff 
Heavy quarks with different velocities are not related to each other. This has 
been termed "velocity superselection rule" by Georgi [26]. Heavy quarks moving 
at the same velocity are related by a global SU(2Nh ) symmetry group, where Nh 
denotes the number of heavy quarks. Since no masses appear in the Lagrangian, 
rotations in flavour space leave the Lagrangian of Nh heavy quarks moving at the 
same velocity unchanged. Since no Dirac matrices appear, SU(2) rotations leave 
the Lagrangian £ invariant, too. In the limit of infinitely heavy quarks the QCD 
interactions are independent of the heavy quark's mass and spin [16, 26]. 
1.2.2 Order 1/rn 
The construction of the effective Lagrangian of HQET in a power series in - can 
mQ 
be done elegantly in a functional integral approach [30]. Here, I work purely on 
the classical level. 
Since the heavy quark inside the hadron is not exactly on-shell, an additional field 
is introduced, 
H(x) = eimQP(v)Q(x) 	 (1.9) 
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with the property 
6H = —lIv . 	 (1.10) 
P_(v) is the projection operator (1— 6). It follows that 
	
9(x) = e tm [h(x) + H(x)l. 	 (1.11) 
In the rest frame, h corresponds to the upper components of 9(x) and lI  cor-
responds to the lower components 
h(x) \ 
9(x) 	_ rest frame = 
emQt ( H(x) ) 	
(1.12) 
Inserting the parametrisations eq. (1.9) and eq. (1.6) into the QCD Lagrangian 
for a single heavy quark and using a decomposition of the covariant derivative 
into longitudinal and transverse part, 
=6(v.D)+ 	, 	v•D' = 0 , 	 (1.13) 
one finds 
= hivD - I(ivD+2mQ )H + i]P±H +rIjJ/-±h . 	(1.14) 
This equation shows that h describes massless degrees of freedom. The fields 
H, have twice the mass of the fermions and correspond to the heavy degrees of 
freedom which will be "integrated out". This elimination of the heavy degrees 
of freedom is the first step in the construction of the effective theory. It leads 
to a nonlocal action functional for the massless fields h. In the second step 
the action is expanded into a series of local operators of increasing dimension by 
expanding the propagator of H in powers of - [31, 32, 33, 34, 35]. This gives 
M Q 
the operators to arbitrary order in 	in particular, the action for the HQET 
including corrections to first order becomes [24, 28] 
= Id 	 (1.15) 
mQ 
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with the two operators 
/VV
= 1 




where FV  is the field strength tensor 
F11' = 	 (1.18) 
In the rest-frame, J = 0, one finds 
1 
h(iD)2h  
which is a gauge-covariant form of the kinetic energy due to the off-shell motion 
of the heavy quark inside the meson. Similarily 




where S is a spin operator in the rest frame, S = 	and B = 	JICF jk 
are the components of the colour-magnetic gluon field. M can therefore be 
interpreted as a Pauli-like chromo-magnetic hyperfine interaction. Whereas 1C 
violates only the heavy quark flavour symmetry, M breaks both flavour and spin 
symmetry. 
The full heavy quark field can be expanded 
im 	
i± 




O(4)]h(x), 	(1.21) = &[l Q 
which can now be inserted into operators such as a heavy-light current, V = qrQ. 
However, it is better to rewrite the effective Lagrangian of eq. (1.15) slightly 
differently, in such a way that the matrix elements of the effective theory become 
independent of the heavy quark mass [29, 36, 37]. The Lagrangian is rewritten as 
Leff 	1i 	D h, 	 (1.22) 
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so that the equation of motion simplifies to 
iv D h = 0. 	 (1.23) 
The higher dimension operators are then treated perturbatively as power correc-
tions. The effect of this can be regarded as corrections to the wave function of 
the heavy meson. 
The effective Lagrangian and the effective heavy quark field of eq. (1.21) correctly 
describe the low-energy long-distance physics of full QCD. Since the heavy quark 
can also couple to gluons with very high momenta, so-called hard gluons, which 
can resolve the colour-spin structure, the short-distance physics is not reproduced. 
However, these effects are of importance in a regime where the coupling constant 
is small and perturbation theory can be used. In section 1.3.3 I shall briefly sketch 
the matching of the effective theory onto the full theory at high energies. 
1.3 Weak Meson Decay Form Factors 
The matrix elements of the semi-leptonic decays of B mesons are parametrised 
by a set of six form factors 
(D(v') V B(v)) = h(w) (v + v') + h_(w) (v - 
(D*(v/, €) V B(v)) = i hv(w) € 	v' v, 	 (1.24) 
(D*(v/,e) A B(v)) = hA1 (w)(w + 1) E*_ [hA2(w)v + 
where V = ëyb, A = cy'y5b and and b are the fields of full QCD. 
This is the most general decomposition consistent with Lorentz invariance. Using 
time reversal the form factors can be shown to be real. 
The variable w = v v', called velocity-transfer, is related to the momentum 
transfer q2 = (p - p')2 by 
rn+m—q2  
W := v 
- 2mmjj 
(1.25) 
It is convenient in HQET to work with a mass-independent normalisation of meson 
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states 
MM) = MM- 	 (1.26) 
so that the conventional, relativistic normalisation 
(M(p')M(p)) = 2ES3(p—p) 	 (1.27) 
is replaced by 
(M(v')M(v)) =2 	 ). 
MM 	
(1.28) 
The advantage of this normalisation is that the mass-independent states can be 
thought of as the eigenstates of the effective Lagrangian re ff (eq. (1.22)) [29, 36, 
37]. 
1.3.1 Tensor Formalism 
To analyse semi-leptonic decays in HQET it is easiest to use the trace formalism 
[27, 38, 39], where a combined meson spin-wave function is introduced to represent 
both ground-state pseudoscalar and vector mesons. The wave function 
1 + 0 1 —'; pseudoscalar meson, 	
(1.29) 
2 	vector meson, 
has the correct transformation properties under Lorentz boosts and heavy quark 
spin rotations. Matrix elements (M'(v')OM(v)) in HQET can now be obtained 
by replacing 
M(v)) — M(v) 
—* 	U(v') = yo MI(v')t_y0 . 	 (1.30) 
The operator 0 is replaced by tensors which transform appropriately under the 
flavour-spin symmetry SU(4) 0 SU(4)'. Finally, the wave functions are put 
together into invariants of the symmetry where, for each independent invariant, 
an arbitrary function of the Lorentz invariants is included. 
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For semi-leptonic weak decays of B mesons this implies 
(D(v')'  Erb, B(v)) = Tr{((v')FB(v))(—X1(w)+X2(w) 6+X3(W) 6'+X4(w) 
(1.31) 
where the functions Xi  also depend on the renormalisation scale, ji, since the 
current on the left-hand side of eq. (1.31) needs to be renormalised in HQET. 
Here, cv, and b are the heavy quark fields of the effective theory, related to the 
full QCD fields by eq. (1.6). The heavy quark spin indices are contracted for 
SU(4) 0 SU(4)' invariance and the trace is formed over the remaining Dirac 
indices. But using 
= 	—.A4 (v) 
= —(v'), 	 (1.32) 
one finds that under the trace [27] 
(x(w) +X2(w)+X3(w)'+X4(w)661) 	-(w,ji), 	(1.33) 
and 
(D(v')ë'FbB(v)) = —(w,ji)Tr{(v')FB(v)} . 	(1.34) 
The sign is chosen quite arbitrarily so that the universal function in eq. (1.34) 
is identical to the Isgur-Wise function first written down by Isgur and Wise in 
ref. [16]. Performing the traces the following model-independent predictions of 
HQET for the exclusive weak decays B - D1i7 and B - D*117 in the limit of 
infinitely heavy quark masses are obtained [16]: 
	
(D(v')I 	B(v)) = 	(w, ji) (v + v) 
(D*(vI, €) 	B(v)) = i(w, ji) 	€ 	, 	(1.35) 
(D*(v/,  c) cy -y5 b B(v)) =  
Comparing eq. (1.24) with eq. (1.35) one finds that the six form factors conven-
tionally used to describe the weak decays of heavy-light mesons in full QCD are 
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all related to the universal form factor (w, t). In the exact symmetry limit 
lim 	hi (w) = a(w,) , 	 (1.36) 
mQ —*00 
with coefficients 
= cv = aA1 = cxA3 = 1 
= CeA2 = 0 . 	 (1.37) 
These relations are, however, spoilt by radiative effects and 	corrections. 
M Q 
As will be outlined in section 1.3.3 the pt-dependence of the universal form factor 
cancels that of the Wilson coefficients of the heavy quark currents [41]. One 
can therefore define a renormalisation-group invariant Isgur-Wise function (w) 
in such a way that the normalisation condition (w, j) 1 is preserved. 
1.3.2 The Isgur-Wise Function 
At leading order in the - expansion a single universal function describes all weak 
decays of heavy mesons. It contains all long-distance physics associated with the 
strong interactions of the light degrees of freedom. This function, the Isgur-
Wise function, (w), is a fundamental non-perturbative quantity. Heavy Quark 
Symmetries and Heavy Quark Effective Theory do not predict the dependence of 
(w) on the velocity transfer w = v v'. 
The following properties of the Isgur-Wise function can be derived. Current con-
servation yields the normalisation of (w) at the zero recoil point, w = 1, at which 
the mesons' velocity is unchanged [11]: 
(1)=1. 	 (1.38) 
Furthermore, since (w) is the elastic form factor of a ground-state heavy meson, 
the function must be monotonically decreasing with the velocity transfer, w. 
For small w one conventionally parametrises t(W) as 
(w) = 1 - p2(w - 1) + O((w - 1)2) 	 (1.39) 
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= 	 (1.40) 
where p is called the "slope parameter" or "charge radius". Since (w) is expected 
to have a positive curvature, this parametrisation will give a lower bound for the 
slope parameter [42] when fitting experimental data. 
Several authors have tried calculating p using models and different parametri-
sations of the Isgur-Wise function, all of which, necessarily, have to incorporate 







ISGW(W) = exp {_ p2(w _1)} ,  
poie(W) = 
/ 2 2p2 	
(1.41) 
The first function is the form factor derived from an analysis of the Bauer-Stech-
Wirbel (BSW) model[40, 44], the second one corresponds to the ISGW model [10] 
and the third is a pole-type ansatz. 
Experimentally, the accessible kinematic region in the semi-leptonic decays B 
D1i7 and B —* D*117 is in the range 1 < w < 1.6. Knowledge of the Isgur-Wise 
function close to zero recoil is of particular interest as it enables a determination 
Of Vb . Close to w = 1 the anstze of eq. (1.41) give very similar results for () 
when inserting the same p2. A precise value for the parameter p2 is thus equivalent 
to a determination of the Isgur-Wise function 2 
Constraints for p2 have first been determined by Bjorken [38] and Voloshin [45]. 
Both authors relate p2 to form factors of transitions of a ground-state heavy meson 
into excited states. Bjorken's lower and Voloshin's upper bound give: 
1 	1 mM—mQ3 <P2<+ 
  2E 	' 
(1.42) 
'The one-parameter approach has been criticised by Burdman [43]; he suggests a more general 
parametrisation of e(w) allowing for an additional term in eq. (1.39), the curvature of the Isgur-
Wise function which, with a one-parameter parametrisation, may be fixed to the wrong value. 
This suggestion will be followed up in the determination of p2 in later chapters. 
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where mM(mQ) denote the masses of the meson(heavy quark) and Erlin is the min-
imum excitation energy relative to the ground-state heavy meson. These bounds 
are considered to be somewhat uncertain since renormalisation effects have been 
ignored and it is not clear how to include them (see [1] and references therein); both 
the slope parameter p2 and the heavy quark mass mQ are renormali sat ion- scheme 
dependent quantities'. Neubert therefore relaxes the upper bound of Voloshin's 
sum rule to read [1] 0.25 < p2 < 1.0. The lower bound is not changed because 
there is evidence, both from experiment [46] and from QCD sum rule results [47], 
that the contributions of excited states in Bjorken's sum rule are quite sizeable 
so that the actual value of p2 will be very much larger than 0.25. The QCD sum 
rule result of ref. [47] which estimates the contributions to the lowest-lying excited 
states of eq. (1.42) is 0.35 < p2 < 1.15. 
Recently Rafael and Taron [48] have determined a conservative upper bound from 
analyticity arguments which I combine with Bjorken's lower bound to read 
0.25 < p2 < 1.5 	 (1.43) 
In section 6.1 the results obtained in this thesis for p2 will be compared with those 
of other authors. 
1.3.3 Renormalisation : Hard gluons 
So far, the matrix elements of operators for weak semi-leptonic decays have been 
obtained in the effective theory. Operators in the full theory can be matched onto 
a short-distance expansion in terms of operators in the effective theory. Schemat-
ically 
Q'FQ -* 	C()J 	 + 	']O+O(—-), 	(1.44) 
where the operators {J} form a complete set of local dimension three current 
operators, 
J = hFh 
'Clearly, the slope of a form factor in eq. (1.24) is renormalisation-scheme independent since 
these are observable quantities. The Isgur-Wise function however is not observable, it is a 
theoretical tool. 
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{ {'y, v,v'}; 	vector current, 	
(1.45) 
= 	{ 5 ,v 5,v' 5 }; axial current. 
The matching was first performed in the leading logarithmic approximation (LLA) 
[27] where only I' = -y4 and 1' = ' -y 5  contribute. Then 
-6 
ë'y(1 - 	








L(w) = 	(wr(w)-1), 	 (1.47) 
33 - 2N 
r(w) 	
1 	
In (w + \/w2 - 1), 	 (1.48) /w2 _1 
and NJ is the number of quarks in the momentum interval between mQ and IL. 
Since then, the calculation has been carried out to order --- and at next-to- 
M2 Q  
leading-order in perturbation theory. All the elements of the calculation and 
necessary references can be found in ref. [1]. Here, the result is quoted at leading 
order 
(D(v'ëFbE(v)) = Gen (W) O 5 (rn, m; w)Tr{*(v/)FjB(v)}  + 
MQ 
(1.49) 
The p-dependence of the Wilson coefficients has been factorised into a universal 
function K(w,) which is normalised at zero recoil, K(1,) = 1. This is used to 
define a renormalisation-group invariant Isgur-Wise function 
= (w,pK(w,j) , 	 (1.50) 
with 
ren(1) = 1 . 	 (1.51) 
Writing 
h(w) = {a +(mb,m;w) + O(AQCD  )} ren(W) 	 (1.52) 
mQ 
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the matrix elements are obtained by performing the traces in eq. (1.49): 
1 
h+ (w) = [di(w) + w+ 
 2 
(02(w) + 
h(w) = 	02(w) - C3(W)] Gen(), 
2 
hv(w) = 
hA1 (w) = d(W) ren(W), 
hA2 (w) = Ô(W) ren(W), 
hA3 (w) = {Ô(W)+d(W)] ren(), 	 (1.53) 
where the dependence of the Wilson coefficients on the masses of the heavy quarks 
has been suppressed. These functions can be found in ref. [19]. 
The analysis of ref. [19] shows that the effects of next-to-leading order corrections 
can be as large as the leading corrections. Numerically, the LLA gives a predic-
tion for the coefficient Ô(w) which is more than 10% too large. Furthermore 
the form factor h+(w) can be shown to deviate from h+(1) = 1 by terms of order 
(Mb - m)2 only [52]. This constraint is violated by the LLA. In view of a precise 
determination of the Isgur-Wise function and a determination of Vb it is thus 
important that Neubert's full next-to-leading order coefficients be used. Correc-
tions to Neubert's computation are of order a2 (Z In  z)Th with n = 0, 1, 2 and should 
be smaller than 1%. His results account for the full order a8 dependence of the 
heavy-quark current on the ratio z = 	which, in this lattice calculation, covers 
Mb 
the range between 0.6 and 1. 
1.3.4 Matrix elements at order -i--- and Luke's Theorem In9 
At subleading order in 	matrix elements receive contributions from higher di- m9 
mension operators in the effective current and the effective Lagrangian [9, 13, 14]. 
The basic idea is to leave the heavy quark propagator as its leading order expres-
sion and calculate correction terms in the Lagrangian as insertions of operators 
[29, 36, 37] 
Leff = hv V Dh + 1 £ + o(), 	 (1.54) 
2mQ 	mQ 
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with 
- 
= i(iD)2h + 	 . 	 (1.55) 
The operator i(iD)2h is not renormalised due to the invariance of HQET under 
reparametrisation of the heavy quark momentum operator [53]. The same symme-
try leads to the enormous simplification that all Wilson coefficients appearing at 
O(-i—) in the weak current can be related to the coefficients appearing at leading 
MQ 
order [54]. 
It was first shown by Luke that at O(i)  four additional functions and 1 mass mQ 
parameter A are needed to parametrise the matrix elements of the higher dimen-
sion operators [29]. Meanwhile, the perturbative corrections to the subleading 
form factors have been calculated to next-to-leading order in perturbation the-
ory [54]; the results, written in the form h(w) = N(w; Mb, mc) ren(w), are rather 
lengthy expressions for N(w; Mb, me ). It is more instructive, for understanding 
the structure of these functions, to work at tree-level. 
Consider first the correction to the current due to the insertion of a local dimension 
four operator. They are of the generic form hFiDh with a derivative acting 
on one of the heavy quark fields. Due to heavy quark symmetry, the structure of 
F is irrelevant. Applying the trace formalism to an operator of this type one finds 
that the most general form of the matrix element is given by 
(M2(v)71v,FiD12 hv I M, (v)) = - Tr{ (v, v', t)[ 2(v')FMi(v)]} , 	(1.56) 
where the form factor 	can be decomposed into three form factors with coeffi- 
cients v, v' and -y.  Conventionally, they are decomposed as 
v, v', ) = 	)(v + v) + _(w, )(v - v') - 3(w, 	 (1.57) 
One may now use the equation of motion, v Dh = 0, to find the constraint 
0 = Tr{[ +(w, u)(1 + w) + _(w, t)(1 - w) - 3(W, z) 6]M2(v')FMi(v)}, (1.58) 
which, using eq. (1.32), gives the relation 
(1 +w) +(w,)+(1 — w)_(w,j) +3(w,) =0. 	(1.59) 
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Another constraint can be derived using the fact that the masses of the heavy 
quarks have been effectively removed from the wave-functions so that translational 
invariance applied to a heavy quark current gives 
(M2(v')J h(x)Ml(v)) = 	 (1.60) 
where 
(mBv - mDv) = (mbv - mV') + A(v - v') 
A := MB —mi, =mD—m '-i (9(A). 	(1.61) 
Next, take the Dirac conjugate of eq. (1.56) with an interchange of variables v 
and v': 
(M2(v'F(—i D)hM1(v)) = - Tr{(v', v, )[M2(v')FM 1(v)]}, 	(1.62) 
and use T-invariance to find 
V, [L) = +(w, )(v + v') - _(w, /-i)(V' - v') - 3(w, )'y. 	(1.63) 
Thus, one finds the relation 
L 	 L 	 - (v, v, / )— (v, / v,i)=A(v—v) 	 (1.64) 
These manipulations show that the insertion of the operator hF(—iD)h can 
be described by one new function and the parameter A, which is associated with 
the light degrees of freedom [29, 55]. The scale of deviations from the limit mQ 
00 is set by the dimensionless quantity a-. One may use the fact that the 
dependence of the functions 	j) is the same as that of the Isgur-Wise function 
[1] to introduce a renormalisation-group invariant function j(w) to parametrise the 
effect of the local dimension four operator-insertion at the current 
(1.65) 
(w) A (w,j 
Due to the Dirac structure of the operator in eq. (1.56) the function i(w) breaks 
both flavour and spin symmetry. 
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function normalisation broken symmetries 
(w) (1)=1 no 
17(w) no spin, flavour 
xi(') = 0 flavour 
X2(w) no spin, flavour 
X3(W) X3(1) = 0 spin, flavour 
Table 1.1: Properties of leading and subleading universal functions in HQET 
Next, I turn to symmetry-breaking effects due to insertions of higher-order op-
erators in the effective Lagrangian, see eq. (1.55). Insertions of the operators L 
on either of the heavy quark lines can be thought of as corrections to the meson 
wave functions. These appear since the states of the effective theory are different 
to those of full QCD. 
First look at the kinetic operator in £, inserted into the heavy b quark line (the 
matrix element due to an insertion of the operator on the other heavy quark is 
simply related to the one below by Dirac conjugation and an exchange of the 
variables v and v'). The kinetic operator has no Dirac structure so that the 
subleading form-factor will not break the spin symmetry. The matrix element can 
be parametrised in terms of a single function Xi(w, p) 
(D(v')Ii f d4xT{1Fh(0), (iD)2h(x)}B(v)) x(w, 	)Tr{(v')FB(v)}. 
(1.66) 
An equivalent investigation of the chromo-magnetic operator, which, through its 
complicated Dirac structure, will clearly break the spin symmetry, shows that 2 
more functions, X2(w, ) and X3(w, IL), are needed. 
The properties of the subleading form factors are collected in table 1.1. Vector 
current conservation implies that Xi  and X3  vanish at zero recoil. Consequently 
the two form factors h+(w) and hA1 (w) are protected against O(—) corrections MQ 
at zero recoil. This is known as Luke's Theorem. In particular this leads to 
hA1 (1) = Ô(1; Mb, m) + O(), 	 (1.67) 
mQ 
h(1) = Ô1(1;mb,m) + C2(1;mb,m) + C3(1;mb,m) + O() .(1.68) 
mQ 
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Since all other form factors of the hadronic matrix elements eq. (1.24) are mul-
tiplied by kinematic form factors which disappear at zero recoil Luke's Theorem 
implies that there are no terms of O(—) in the hadronic matrix elements 
at w = 1. The consequences of Luke's Theorem in the context of a measurement 
Of V1, will be discussed in section 1.4.1. 
1.4 Phenomenological Applications 
1.4.1 Extraction of Vb 
The C abibbo- Kobayashi- Maskawa (CKM) matrix[56, 57] arises in the Standard 
Model Lagrangian interaction term which couples the fermion fields and the scalar 
Higgs doublet. This interaction is written in terms of the weak eigenstates q' of 
the quark fields 
rYukawa 	'72 ("L 	
) 
W + h.c. 	(1.69) g -, 
Redefining the quark fields to obtain the observable mass eigenstates has the 
effect of introducing flavour-changing charged-current interactions via the unitary 
flavour-mixing CKM matrix 
/ dL \ 
--- 
£YU1CaWa 	





VCKM = Vcd Vcs Vcb 
	 (1.71) 
Vtd V 8  
Since the Yukawa- couplingsare completely arbitrary complex numbers the ele-
ments of the CKM matrix are not predicted by the Standard Model. Through 
the unitarity constraint - which is the assumption that there are only three quark 
generations - this means that there are four independent CKM parameters which 
need to be determined using experimental and theoretical information. For a 
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detailed discussion of issues surrounding the CKM matrix such as CP-violation 
and unitarity constraints I refer the reader to the review articles of Buras and 
Harlander [58] and Nir [59]. 
The CKM matrix element Vb,  which couples a b and a c quark, can be ob-
tained from semi-leptonic decay data in three different ways : the inclusive ap-
proach, based on the total semi-leptonic decay width of the B meson and the 
exclusive determination from the decay amplitudes of either B -* D1i7 or B - 
D*117 extrapolated to the point of zero recoil. All methods have their own experi-
mental and theoretical drawbacks but they rely on the same principal : the decay 
rates are of the form 
known 	f QCD ) 
decay rate = { factors f factor  f 	
. 	(1.72) 
The known factors consist of constants and measurable quantities such as masses 
and kinematical factors. The QCD factor however is non-perturbative and cannot 
be obtained from experiment. 
In the literature, the focus has been on extracting Vb using the exclusive approach 
because it has been argued that the uncertainties in the theoretical expression for 
the total decay rate are too large to allow a precise determination of Vb from the 
inclusive decay. The parton model formula for the inclusive decay rate has the 
following form [60]: 
Gm 
{VCb 2 f() + 7V 2
1 , 	(1.73) F(B --+ Xqli) 	
192ir 	 Mb 
where 77, and 77,, contain all short-distance QCD corrections and f is a phase-
space factor. Since < 1% the contribution from b - u can be neglected[61]. 
Eq. (1.73) is correct at leading order in the heavy quark expansion; non-perturbative 
corrections have been shown to vanish at 0(-----)[62]. mQ 
The problem of using eq. (1.73) to determine Vcb is rather fundamental. As 
pointed out in ref. [63, 64, 65], the pole mass is an ill-defined object beyond 
perturbation theory. It can be shown to exhibit an uncertainty of O(AQCD) due 
to renormalon effects. However, for the effective Lagrangian to be invariant under 
the spin-flavour symmetry group, the heavy quark mass used in the field redefi- 
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nition eq. (1.6) must be a "physical" mass such as the pole mass or a mass that 
differs from the pole mass by an amount of order O(AQCD). The authors of ref. [55] 
have shown that the introduction of a residual mass term Sm = m0le - mQ leaves 
physical quantities unaffected: only the combination (mQ + Sm) appears in physi-
cal matrix elements so that different choices of mQ are always compensated. Such 
a residual mass term, which usually in the construction of HQET is set to 0, is 
necessary in the effective Lagrangian to absorb the ambiguity in the definition 
of the pole mass. Since Sm is independent of mQ it does not break the flavour 
symmetry of the effective Lagrangian. Furthermore, in ref. [66], it has recently 
been shown that the predictions of HQET remain unaffected by the ambiguities 
introduced through renormalons. All relations between the weak decay form fac-
tors and Luke's Theorem remain valid. However, the parameter A = mp - mole,  
through its dependence on the pole mass, contains a renormalon and thus an 
ambiguity of O(AQCD). 
In view of these difficulties, and the ongoing debate about the use of perturbation 
theory in the calculation of the inclusive decay rate [67], I shall only quote the 
most recent results for 	[68] and subsequently turn to exclusive decays 
f 0.039 + 0.001(exp.) + 0.005(th.); measurement at T(4s)Vcb 	ç 	 1.74 
0.042 + 0.002(exp.) + 0.005(th.); measurement at Z° 
Exclusive Decays 
In the limit of zero lepton mass the differential decay widths for 	D117 and 
B - D*W are given by[69] 
- G m






(w / - 	 B 
- D(*) h_(w) 2 	for 	—p DIPw+i' ' ?nB+InD(*) 
[2(1 - 2wr + r2)[hA1 (w)2 ±hv(w)2 ] 
 
+[(w - r)hA1(w) - (w - 1)(hA3(w) + rhA2 (w))] 2 ] for B ' D*IFI  
1 	 m where r = D( )  
MB 
Eq. (1.75) shows that for both modes the phase space becomes 0 at w = 1. 
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B -p DIP transitions are suppressed by an additional factor of (w - 1) and the de-
cay is experimentally more difficult. On the theoretical side a model-independent 
extraction of Vb also proves to be more complicated using the mode B -p D1i7 
Close to zero recoil the decay rate (B - D1i7 ) involves both form factors h(w) dw 
and h_(w). Thus, since h_(w) is not protected by Luke's Theorem against O(-) 
corrections at zero recoil, the rate for B -p DIP is affected by first-order correc-
tions in the inverse mass of the heavy quarks even at w 1. On the other hand, 
B -+ D*li is ideally suited to extract I Vbl since the decay rate is protected by 
Luke's Theorem against first-order power corrections in 	at w = 1 so that: 
1 	d]7(B 	Dli7 ) - GVb
1 2 
lim ____ B MD 
W~l
-)MD 
1) 	dw - 48ir 
(m — m*)mD hAl (l) 2 	(1.76)) 
where 
hA,(1) = 1 +/3A1 (1) + O(
MQ 
-) 
and 	/3A1 (1) = -0.01. 	 (1.77) 
Therefore, a model-independent determination of Vb is possible via the decay rate 
of B -p D*117 once the non-perturbative O( - -) corrections to hA1 (1) are known 
whereas for the decay rate B -p D1i7 it is necessary to have an estimate of the 
O(-) corrections to h_(1). However, this alone does not disqualify the mode MQ 
B -f D1i7 since further inspection reveals that the -- corrections to B -p DIP are 
TflQ 
in fact suppressed by a kinematic factor 	0.23. Similarily to eq. (1.76) 
one can write 
1 	dF(B- Dli) 
- GVcb2(mB+mD)2m X{1+Spert+O()} urn w-+1 (w 2 - 1) dw 	- 487r 	 mQ 
(1.78) 
where the perturbative corrections are known. The non-perturbative corrections 
are given by [i] 






MQ 	 2m5 2m [
MB 
+ MD 
4Renormalisation effects have been ignored at O(---) 
mQ 
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where r(w) is the subleading Isgur-Wise function arising due to insertions of higher 
dimension operators in the current. Knowledge of this function is crucial to a 
determination of Vb from the B —* D1i7 decay rate. Neubert [1] has calculated this 
function using the QCD sum-rule approach and finds it to be virtually independent 
Of w 	(w) = 0.62 + 0.05. Allowing for a generous error' 17(1) = 0.6 + 0.3 gives 
a very small correction to the decay rate B —* D1i7 at subleading order of 2-3 
%. Hence the uncertainty in the normalisation of the decay rate B —p D1i7 at 
zero recoil could well turn out to be just as small as that of eq. (1.76). Clearly, it 
would be necessary to verify the sum-rule result for 17(w) and I shall try to do so in 
chapters 4 and 5. However, since this mode is also experimentally more difficult 
to measure, I shall now focus on the decay rate for B — D*1i7 
To disentangle the model-dependent and model-independent parts in the decay 








— 	hA1 (w) 
in terms of which the decay rate can be written as 
dF G 
(MB — MD(*) )2m(.) (w2 — 1)(w + 1)2 X Vcb 2 X hA1 (w) 
2  x 
dw — 48ir 
[
2(1_2+r2)[1 + --R(w)] + 11 — 	1 — R2(w))]2] 	(1.82) (1_r)2 	(w+1) 1 	(1—r) 
Taking the ratios of form factors is advantageous as certain subleading form-factors 
cancel 
Ri(w) = Fi(w)(1 + 
2e 
+ + + 
2b [1 — 2F2(w)17(w)]), 	(1.83) 
where the functions Fi(w) and F2(w) are perturbative corrections [1, 19], 





1 + 2c3(i) (w2 — 1)r(w) + (w — 	log z 
F2(w) Mb ) 	 (1.85) 
31r 	1-2w+z2  
Mb 
'The error encompasses the model-independent value r(w) = independent of all sum-rule 
parameters but excluding radiative corrections. 
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The expression for the ratio R2(w) is more complicated, however, it is completely 
insensitive to radiative corrections. 
Ri(w) is sensitive only to the subleading form factor 17(w) at order 	and thereby 
a measure of flavour-symmetry breaking, whereas R2(w) is sensitive to i(w) and 
the subleading Isgur-Wise function X3(w), which arises due to insertions of higher 
order operators in the effective Lagrangian. It is therefore sensitive to spin- and 
flavour-symmetry breaking effects (see table 1.1). I shall perform a lattice analysis 
of these ratios in chapter 5. 
In the heavy quark limit both ratios tend to 1: 
R1,2(w) - 1. 	 (1.86) 
In this case the decay rate simplifies to 
dF G 
-
dw 	48 	- MD(*)) mD(*)\/(w 




(+1) (1_r)2 ] 	
(1.87) 
w  
It is now useful to introduce a new function, which is better suited than the form 
factor hA,(w) to extract Vb . One defines 
12(1_2wr+r2)[1 + TR(w)]  + [1 - 	- R2(w))]2] h2 
22(w) 	L 	(1_r)2 	(w+1 	 (1-r) \ 
4w (1-2wr+r2)i 
+ 11 
(w+1) (1—r)2  
(1.88) 
where 17A  is the short-distance correction factor to hA1 (w) at zero recoil, see 
eq. (1.67). This new function, (w), is identical to the Isgur-Wise function in 
the heavy quark limit. Since radiative corrections have been factored out, Luke's 
Theorem reads 
(1) = ). 	 (1.89) 1+ 0(;W2 
To extract Vb it now suffices to extrapolate the experimental data for the decay 
rate in IVbl X 77A(w) to w = 1 to obtain Vb x [1 + 0(a8(mQ ), s-)]. Since the 
short-distance coefficient 17A  is known to very high accuracy the only uncertainties 
in the determination of Vcb are 
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The size of the O(---) corrections at zero recoil. 
The value of the slope parameter 1ô used in the extrapolation to w = 1; in 
other words the functional form of (w). In principle, once sufficient data 
has become available close to w = 1, the normalisation condition eq. (1.89) 
allows for an extraction of Vb without knowledge of the exact functional 
dependence of the form factor (w). 
Several collaborations have recently presented high-precision data for the decay 
rate of B -p D*lii  and they have obtained results for the combination Vb(1) 
[46, 71, 72, 73]. Combining these results with predictions for theterm at 
w = 1 gives a quasi model-independent value of I Vb 1. The magnitude of the 
term has been the focus of some discussion recently. Estimates for this quantity 
range between 0... - 9%. Combining two different approaches to calculate this 
quantity [75, 37], Neubert finds a value of [76] 
Vb 	(1) = lVcb [1 - (5.5 + 2.5)%]. 	 (1.90) 
To extract I Vb I Neubert [76] then proceeds as follows : take the values of Vb I 'T/A (1) 
obtained from a linear fit to the experimentally measured decay rates 
VbqA(1) = 0.0347±0.0019±0.0020 CLEO[71], 	(1.91) 
	
Vb 77A (1) = 0.0382±0.0044±0.0035 ARGUS[46], 	(1.92) 
= 0.0388±0.0043±0.0025 ALEPH[73], 	(1.93) 
where the first error is statistical and the second systematic'. Following a sugges-
tion by ref. [68] he adds 0.001 + 0.001 to these values to account for the curvature 
of the function (w). Using the prediction of eq. (1.90) the world average of lVcb l  
is 
V,bl = 0.0399 + 0.00269(exp) + 0.0013(th) = 0.0399 + 0.0029. 	(1.94) 
Measurements of the differential decay rate also determine the shape of the func- 
6 to obtain these values Neubert uses lifetimes of TB0 = (1.61 ± 0.08)ps and 	= (1.65 ± 
0.07)ps [74] which are different to those of the original papers. 
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tion (w). However, since the symmetry-breaking effects away from w = 1 are 
unknown, it is difficult to determine the slope of the Isgur-Wise function. Further-
more, the ratios R1, 2(w) are difficult to obtain experimentally since they involve 
all four form factors of the decays B —p D*1i7 ; recently the CLEO collaboration 
has presented the first experimental measurement of these functions. Performing 
a three-parameter fit with the two ratios and the slope of the function (w) as free 
parameters they determine 
R1 = 1.30+0.36+0.16, 
= 0.64 + 0.26 + 0.12, 	CLEO Collaboration [70, 71] (1.95) 
/3linear = 0.84 + 0.13 + 0.08 1  
Pquad = 0.92+0.64+0.40. 
One may use these values to relate the slope factor 	to the slope of the Isgur- 
Wise function p2. However, due to the symmetry-violations away from w = 1, 
which are not predicted by the theory, this relation contains an uncertainty of 
O(). Using eq. (1.52) and the explicit values of the Wilson coefficient one finds 
MQ 
	
2 _ p2lrR2 	1 	mE (1) —1] - - [1— R(1)] + (0.21 + 0.02) + O() (1.96) 
- 	6 1 3 m - MD- 	 mQ 
Inserting the experimental values obtained by CLEO this means: 
= p2  —0.1 + 0.2 + O() CLEO [71, 72]. 	(1.97) mQ 
The ratios R1, 2(1) and the slope of the Isgur-Wise function have also been obtained 
in QCD sum-rule calculations. Using R1(1) = 1.3 + 0.1 and R2(1) = 0.8 + 0.1 
ref. [1] determines 
so that 
- 	[R(1) - 1] - 	MB_  [1 - R2(1)] = —(0.22 + 0.06), 	(1.98) 
3 mB - MD* 
= p2 + 0.06 + O(---) Sum Rules [1]. 	 (1.99) mQ 
Whilst many predictions (QCD sum rules, quark models) for the value of p2 exist, 
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it is clear from eq. (1.96) that a determination of Vb requires a precise model- 
independent calculation of both p2 and the size of the O(—) corrections. 
MQ  
1.5 Overview 
In the limit of an exact heavy quark symmetry, mb, - 00, one universal function, 
the Isgur-Wise function, suffices to describe the semi-leptonic decays of B-mesons, 
B - DIP and B - D*lz . Corrections to this picture arise due to hard gluon 
exchange and the finiteness of the heavy quark masses. The short-distance cor-
rections have been calculated at next-to-leading order in perturbation theory; 
however, the power corrections in -i--- are unknown. 
mb, 
Predictions of heavy quark symmetry are limited to the point where the velocity of 
the mesons is unchanged due to the weak current, w = 1. At this point the Isgur-
Wise function is normalised to (1) = 1 and this can be used to extract the CKM 
matrix element Vb . The remaining uncertainties arise due to non-perturbative 
effects which cannot be calculated analytically in a model-independent way. In 
particular, the slope of the Isgur-Wise function at w = 1 and the size of the power 
corrections away from w = 1 need to be determined. 
Chapter 2 
Lattice Gauge Theory 
Lattice QCD is a regularisation of the theory of strong interactions enabling non-
perturbative calculations [77]. These are necessary in extracting the properties of 
the hadrons which are formed from the fundamental fields of QCD, quarks and 
gluons. Examples are the calculation of the mass spectrum, matrix elements of 
operators involving the K, D and B mesons, and the determination of the strong 
coupling constant . 
To date, no other quantitative first-principles approach to non-perturbative QCD 
is known. 
This chapter gives a very brief introduction to Lattice QCD. After providing the 
necessary definitions I will discuss the sources of errors for the lattice simulation 
presented in this thesis. 
2.1 From Continuum QCD to Lattice QCD 
The strong interaction of quarks and gluons is described by the QCD Lagrangian 
£ = 	 - mqSjk)qk - F U Fa, 	(2.1) 
q=v.,d,s,c,b,... 
where j, k = 11  2, 3, is the quark-colour index (the Dirac index is dropped for 
clarity), and a = 1,. . . , 8 is the gluon-colour index. Repeated colour indices are 
summed over. 
'For a more complete overview of the scope of Lattice Calculations see ref. [78]. 
34 
Chapter 2. Lattice Gauge Theory 	 35 
The covariant derivative is given by 
D=ô—igA,. 	 (2.2) 
The gauge fields A are collected in a matrix A. = ATa where T° are the eight 
1- 4 
generators of the SU(3) symmetry which satisfy the following Lie-Algebra 
[Ta,  Tb] =z fa'cTc 	t r(TaTb) = 8ab 	 (2.3) 
The gauge part of the action is described by the field strength tensor 
F - _FT D] = aA, - 	- ig[A, Au]. 	(2.4) 
Euclidean Space 
Lattice calculations are performed in Euclidean space which is related to Minkowski 
space through the rotation 
t = — iT XE = (r,) . 	 (2.5) 
The Euclidean action is 
SE = Id 4 XE (ô +m)q 	 (2.6) 
with Euclidean gamma matrices, 
'Yo = 'Y4 	- i2'i = -ye, 	 (2.7) 
satisfying 
{




The generating functional in Euclidean space 
ZE 	ffi e 	
, 	 (2.9) 
ld configurations 
 
where sources are suppressed, looks like the partition function of statistical me- 
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chanics. This analogy between Euclidean QFT and classical statistical mechanics 
is exploited to use Monte Carlo methods to calculate expectation values of oper-
ators in terms of classical fields: 
(Q(q, , U)) = 
ZE f Vq Vq f VU O(q, q, U)exp [ - SE(q, q, U)] . 	(2.10) 
The Feynman path integral is written in terms of the variables of lattice QCD, the 
quark fields q and q, and the gluon field variables U1 , which are SU(3) matrices 
replacing the continuum fields A,. SE(q, q, U) is the Euclidean continuum action 
which will now be discretised. 
Discretisation 
To perform numerical simulations a discrete four-dimensional hypercubic lattice of 
space-time points separated by the lattice spacing a is introduced. The elements 
of this lattice are the sites and connections between the sites called links. Defining 
the variables of Lattice Field Theory only on the elements of the lattice, quark 
fields on the sites and gauge fields on the links, ensures that eq. (2.9) becomes 
an integral over a finite number of degrees of freedom when working in a finite 
volume. 
The lattice provides a natural ultraviolet cutoff in momentum space. On a lattice 
of spatial volume aN8, with periodic boundary conditions, three-momenta can 
only take on discrete values 
2ir 
j= —(ni ,n2,n3)- , 	 (2.11) 
a 
with - < ni < 	and each component is bounded by 2 	2 
Lattice QCD is defined as a theory which has as its limit the continuum theory 
of QCD, (eq. (2.1)), when the lattice spacing a is taken to 0 and the volume of 
the lattice is taken to infinity in a prescribed way. This will be discussed further 
below. 
Pure Gauge Action 
The action SE is invariant under local SU(3) gauge transformations. A discreti-
sation of the gluonic part of the action which preserves local gauge invariance is 
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given by the Wilson Gauge Action[77] 
f d 
4 
	TrF1W F1W 	a4 	- ReTrP1W ), 	(2.12) 
1W 
where the sum is over all plaquettes P1W and El stands for 1 < y < 4 and 1 < ii < u. 
It is standard to label 	= 3, where N denotes the number of colours, so that 




and the constant terms are ignored. The plaquette is the product of gauge links 
forming a closed path 
P,W = U(x)U(x + aiTi)U,i(x + ai')U(x) . 	 (2.14) 
Wilson Fermion Action 
The lattice fermion action used in this thesis is constructed as follows. The re-
placement 
{ 8,+, q(x) = q(x + aj) 
8,-, q(x) = q(x - a) 	 (2.15) 
aq(x)L -  81' ]q(x) 2a IL  
gives an anti-hermitean difference operator and results in what has been termed 
the "naive" fermion action. It exhibits the well-known fermion doubling problem: 
one fermi field produces 2' fermions in d dimensions. The Nielsen- Ninomiya [ 79] 
theorem states that there is no local fermion action which has chiral symmetry, 
no additional states and a real positive transfer matrix. The two most popu-
lar approaches in circumventing the doubling problem are the use of "staggered 
fermions" [80] and "Wilson fermions" [81]. The latter approach follows the sugges-
tion by Wilson in adding a so-called irrelevant operator, an operator that vanishes 
in the continuum limit, to the naive fermion action. 
Following Wilson the derivative operator is taken to be 
+ 	)(1 - 8) - 	(1 - )(S - 1) = 	- 	 (2.16) 
2a 
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where 
a. +6 —2] 	 (2.17) 
and a. is defined in eq. (2.15). 




- A U_MS: 	, 	 (2.18) 
where U_, = U(x - afl). The Wilson fermion action can now be written as the 
sum of the naïve fermion action, 
i 4 
Snaive = a' E [mq(x)q(x)+ 	 - A)q(x)] 	(2.19) 
and the Wilson term 
More compactly: 
8Wilson 	 (x)Aq(x). 	 (2.20) 
x 
SFermion =E q(x)H' (x, y; U)q(y) , 	 (2.21) 
S ,y 
where H 1 (x, y; U) is the inverse quark propagator and the sum is over the coor-
dinates and spin and colour degrees of freedom. Thus, setting a = 1, 
H 1 (x,y; U) = 	- 	[(1 - )U65+ , + (1 + 	 , 	(2.22) 
The hopping parameter r, is 
1 	
, 	 (2.23) 
8+2ma 
and the bare quark mass is defined as 
11 
am= 2 r. - 	
(2.24) 
ncrit 
where tQrit  is the value of the hopping parameter corresponding to zero quark mass 
which needs to be determined non-perturbatively. The fields have been rescaled 






The additional term in the fermion action removes all unwanted states at the price 
of explicitly breaking chiral symmetry even when m = 0. Chiral symmetry is only 
regained in the continuum limit with the value of ic tuned to 'crjt 
Improvement 
Since this is a study of decays of quarks whose masses are large in lattice units, 
one must worry about controlling discretisation errors. The Wilson fermion action 
differs from the fermionic term in the continuum action by a discretisation error of 
0(a) whereas the gluonic term differs from its continuum counterpart by terms of 
0(a2). The effort to reduce lattice-spacing dependent errors has therefore focused 
on the fermionic part of the action. 
Naively, at quark masses around that of the charm quark, and for lattice spac- 
ings a 1 	3GeV, one can expect the lattice discretisations errors of 0(ma) to 
be on the order of am '-40%. In order to reduce the discretisation errors, the 
action eq. (2.21) is modified to an 0 (a)-improved action originally proposed by 
Sheikholeslami and Wohiert [82], 
cvSW 





= - V 	' . 	 (2.27) 4L.i 2i 0=1  
Since this term involves no further derivatives the resulting action, termed the 
Sheikholeslami-Wohlert or "Clover" Action, couples fields only locally; clearly 
this is important for the numerical implementation. 
Together with a "rotation" of the quark fields, [83], 
1 -* 
q(x) -p (1— -y.  D)q(x) 
1 
(x) -p q(x)(1 + —7. 'y D), 	 (2.28) 
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this is equivalent to adding a term 
= 	([(x)U(x)U(x + )q(x + 2) + 
8a 
(x + 2)U(x + )U(x) - 2(x)q(x)]) 	(2.29) 
to the Wilson action. The action thus obtained guarantees that the leading dis-
cretisation errors in matrix element calculations of heavy-quark decays are reduced 
from 0 (amQ) to 0 (acx8mQ ) and 0 ((amQ )2 ) [83]. In order to obtain this improve-
ment for matrix elements of semi-leptonic B decays, a "rotated" vector current is 
used [83] 
V1' z--   q'(x)f q(x),, 	 (2.30) 
where 
= (1 + 	. ) 1 - 	. ) 	 (2.31) 
and where the subscript I indicates that V1' is an improved lattice current. 
Non-perturbative calculations indicate that this improvement scheme does in fact 
reduce the systematic error due to the finiteness of the lattice spacing in the 
calculation of hadronic matrix elements [84]. Recently, the improved action was 
used to study the heavy quark scaling behaviour of the vector and pseudoscalar 
decay constants fp and fv  [85] using both the Wilson and the 0(a)-improved 
actions. This study is also of interest here, since it allows for the following test of 
heavy quark symmetry: HQET predicts the simple scaling behaviour 
ffv - (1+ a(M) + ...)[1 + 0(p)] 	 (2.32) 
M 	3,7r mQ 
where M 	 This scaling behaviour is found to be very well satisfied 
with 0(—) 10% working at heavy quark masses corresponding to that of the 
charm and using an 0(a)-improved action. The result shows that the heavy quark 
scaling regime is reached fairly early on, at masses around that of the charm. In 





+ 3 4 	
(2.33) 
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Figure 2.1: The quantity U(M) plotted against the inverse 
spin-averaged mass. Linear and quadratic fits are represented by the 
solid and dashed curves, respectively. Also shown are the statistical 
errors of the extrapolation to the infinite mass limit. 
fitted to either a quadratic or a linear function of l/M is shown, where 
U(M)fvfp  = (1 8a8(M) 
	
\ 	3 	4 




{ + 	4 	
(2.35) 
(taken from ref. [85]). Deviations from 1 are seen to be small. However, it should 
be noted that deviations from the scaling limit for the decay constants JD  and 
fB are much larger; non-scaling corrections are of 0(30%) for fD  and 0(10%) for 
fB. This is in agreement with results found using the Wilson action if the quark 
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fields are normalised according to a proposal by Lepage, Kronfeld and Mackenzie 
[86, 87]. Using their improved quark-field normalisation scheme the authors of 
ref. [88] and ref. [89] find equally good agreement for eq. (2.32) for data obtained 
with the Wilson fermion action2 . 
In the calculation presented here, the improved action obtained through the 
term eq. (2.29) and the rotation eq. (2.28) is used. I shall call this action the 
Sheikholeslami-Wohlert action. In chapters 4 and 5 lattice- dis creti s ation errors 
will be discussed in the context of vector- and axial-current normalisation in some 
detail. 
I would like to briefly mention some other possible approaches to the calculation 
of quantities involving heavy quarks. The formalism described above requires, 
for the correct propagation of heavy quarks, that the lattice spacing satisfy the 
condition 
mQ a << 1. 	 (2.36) 
However, in order to control finite-size effects, ie in order to fit hadrons on the 
lattice, one has to work with lattice volumes which are bigger than 1-1.5 fermi. 
Thus, it is not possible to simulate QCD at the physical mass of the b-quark and 
one has to work at masses around that of the charm. Scaling laws, such as the 
one in eq. (2.32) may then be used to extrapolate to higher quark masses. An 
alternative approach which is the subject of much analysis to date, is the use 
of a non-relativistic QCD action [91, 92, 93] in which the heavy quark field is a 
2-component spinor. Even more drastic is the use of the static approximation [94] 
in which only the first term of the NRQCD action is kept. This action is widely 
used to interpolate between the static value of quantities in the limit mq - 00 
and between the values one finds using the full (Wilson or improved) action at 
the heaviest possible quark masses. No calculations of matrix elements for semi-
leptonic decays of B-mesons have been performed using these approaches so far. 
However, two different calculations to extract the slope of the Isgur-Wise function 
are being performed which implement directly the HQET on the lattice [95, 96, 97]. 
2 For a review of heavy-light decay constants using both actions see ref. [90]. 
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2.2 From Lattice QCD to Continuum QCD 
Lattice QCD is a theory with the following free parameters 
The bare lattice coupling g. 
The hopping parameters ic r , where f =1, . . . ,N, where N f is the number 
of flavours. 
As in any regularisation scheme, the bare coupling is related to the ultra-violet 
regulator via a dimensionful cutoff-independent mass parameter A18 . The renor-
malisation group equation gives the following dependency: 
1 	1i 
a = ____( og2 ) 2/3i e[1 + 0(g2 )], 	 (2.37) 
Aiatt 
so that as the coupling goes to 0 the lattice spacing tends to 0. The "scaling 
regime" is the region in which ratios of physical quantities are independent of the 
(unphysical) lattice spacing a. Eq. (2.37) defines the "asymptotic scaling regime" 
in which all physical quantities are independent of a. 
In practice, one proceeds as follows 
the value of 1crit  is determined non-perturbatively. To first approximation 
the square mass of the pion is proportional to the mass of the light quark, 
M oc mq, so that a linear extrapolation of the lattice pion mass in the light 
kappa values determines tCcrit . 
The lattice value of the mass of the p particle is used to set the scale a by 
chirally extrapolating the lattice value mtt  and comparing with the physical 
value of the p particle. In principle any quantity can be used to set the scale 
and clearly it is best to find a choice which is most insensitive to the lattice 
mass. 
Scaling has to be verified by calculating the same physical quantity at dif-
ferent values of the lattice spacing a(g). If scaling violations are seen, an 
extrapolation to a -+ 0 has to be performed. 
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A look at the literature shows that many lattice calculations have been performed 
to date without the last step. This is also true of the calculation presented here, 
which works at a single value of the strong coupling. Scaling is assumed but needs 
to be verified by performing the same calculation at several other values of the 
lattice spacing. 
2.2.1 Renormalisation 
Operator matrix elements calculated in a numerical simulation are obtained in 
a lattice regularisation scheme at a scale 1. However, it is standard to quote 
results in the continuum M3 scheme so that a perturbative calculation needs to 
be performed matching up the two schemes. For the case of the Sheikholeslami-
Wohlert action these coefficients have been calculated to one-loop [130]. Denoting 
the renormalisation coefficients by Z and the quark fields by q, 
	
(Fq) ()  = Z(Fq)LAT, 	 (2.38) 
for the vector and the axial current the result is 
zv = 1-0.10g2 +0(g4), 
ZA = 1 - 0.02g2 + 0(g4). 	 (2.39) 
Following a proposal by the authors of ref. [131], the matching coefficients can be 
improved by using the "boosted coupling", 




—i-, Uo  
 
In chapters 4 and 5 these renormalisation constants will be determined non-
perturbatively, thus enabling a comparison with the improved values of eq. (2.39). 
2.3 Systematic and Statistical Errors 
2.3.1 Systematic Errors 
Clearly, the most important source of systematic errors in the simulation presented 
here is the finite lattice spacing a. To reduce these errors one can either perform 
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the same calculation at many different and successively smaller lattice spacings 
to take the continuum limit or, as outlined above, one can try and reduce these 
errors from the very beginning by choosing a lattice action which is insensitive to 
a. I will return to this issue in chapters 4 and 5. 
Quenching 
To calculate expectation values of operators in full QCD one needs to calculate 
the Feynman path integral given in eq. (2.10). Since this equation looks identical 
to a statistical mechanics average the whole machinery of Monte Carlo impor-
tance sampling becomes available once the theory is discretised as outlined above. 
The main difference to statistical mechanics is the involvement of anti-commuting 
Grassmann variables. However, the fermionic action is a quadratic form so that 
the integration over the fermion fields can be performed analytically. Consider for 
example a quark propagator : 0 = (q(x)q(y)) and 
G(x, y) = f VU det[ 	+ m] [ 	+m]-1 
Sougc 	(2.41) 
In general one obtains 
(O(q,q,U)) = 	J VUTo(U)det[ 	+m]e_ue, 	(2.42) 
where T0(U) is a functional depending only on the fields U. The direct approach 
of lattice QCD is to generate configurations of SU(3) matrices U with a probabil-
ity P(U) OC e—SG--g- det[ P +m] and to calculate the average of 73(U) on a finite 
sample of configurations. This can indeed be done using a Hybrid Monte Carlo 
algorithm [98] but, since the determinant is a highly non-local object, it is numer-
ically very slow. The vast majority of simulations therefore set the determinant 
to a constant value: det[ 1D + m] = 1. The result is the "quenched" or "valence" 
approximation. It is a priori not possible to determine the effect of quenching on 
the theory since it does not constitute a systematic approach : different quantities 
will be affected differently. Most importantly one hopes that the main features 
of full QCD, confinement and asymptotic freedom, remain intact in the quenched 
theory. 
The effect of the determinant in the Feynman path integral is to generate quark 
loops. In the quenched approximation the gauge coupling therefore runs differently 
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to that of the full theory. Lattice calculations adjust the quenched gauge coupling 
at the scale of the cutoff 1  to agree with a coupling at the scale of physics, say for 
example at the mass of the p particle. One of the drawbacks of this procedure, 
called "setting the scale", is that different quantities used in this procedure lead 
to different lattice spacings. In the best case however, one hopes to determine all 
physics at the chosen scale correctly. 
Quenched QCD calculations have proven to be rather successful over the last few 
years. The light quark spectrum, with quark masses below and at the mass of 
the strange quark, is in excellent agreement with experiment (see e.g. ref. [99]). 
Light hadron decay constants and semi-leptonic decays of light mesons have been 
determined to high accuracy in the quenched theory (see e.g. ref. [100, 101, 
102]. In the heavy quark sector the picture is not so clear since it is difficult to 
disentangle lattice discretisation errors from errors due to quenching. 
Finite Volume Effects and Chiral Extrapolation 
It is not possible to calculate the quark propagators at the physical values of the 
masses of the u- and d-quarks. In this limit the system of linear equations for 
the quark propagators becomes more and more singular. The physical reason 
for this effect can be seen as follows : the size of the light particles is given 
approximately by ---- 	0.8fm whereas the volume of conventional lattices is AQCD 
around (1.8fm)3. However, due to the periodic boundary conditions there will 
be many copies of the hadron and the volume would have to be very large for 
them not to interact with each other. Since the range of such interactions is of 
order O(—) one works with unphysically high masses of the light quarks to avoid 
these interactions. Correlators are therefore calculated at several values of the 
hopping parameter KE&I  and extrapolated in Klight  according to chiral symmetry 
to the physical quark masses. It is standard to use only the lowest order chiral 
perturbation theory result in this procedure and therefore a systematic error is 
introduced which is however expected to be small. 
2.3.2 Statistical Errors 
With the chosen discretised action it is possible to evaluate the functional integral 
using Monte Carlo techniques. Expectation values are calculated on a finite sample 
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N of gauge configurations 
f DUf(U)exp[_S(U)] f(Uj). 	 (2.43) 
The generation of gauge configurations with weight, or probability, p(U), such 
that 
p(U) = exp[—S(U)], 	 (2.44) 
is described in ref. [103]. Just as in experiments, one has to deal with a statistical 
error which falls off only as. A large set of gauge configurations however is 
computationally very expensive. To save computer time, propagators at different 
values of the hopping parameter ic are calculated on the same set of gauge con-
figurations. Clearly then, different physical quantities will be highly correlated. 
This is also true of data for the same quantity but on different timeslices. I shall 
therefore briefly describe how the correlation of the data is taken into account in 
the fitting of data. 
Fitting Correlated Data 
The covariance matrix is estimated from the data by 
1 	N 
0' (ti, t) = - (t))(xk(t) - (tj)), 	(2.45) 
N(N— )k=1 
where xk(t) are values of some lattice quantity calculated on a sample of k = 
1 . . . N configurations and on timeslice t, i = 1 . . . N. The quantity (t) is the 
configuration average of xh(t).  It is often more convenient to work with the 
correlation matrix, 
p(t, t) 
= 	0'(t, t) 	
, 	 (2.46) 
a (ti  , t)a(t, t) 
because the elements of this matrix are normalised in such a way that p(t, t) = 1 
and p(t, t3) E [-1, 1] so that it is easy to read off how strongly correlated the data 
on different timeslices is. 
In this discussion I am ignoring correlations of the data at different values of 
the hopping parameter ic. Including these, would make the dimension of the 
covariance matrix bigger than the number of data values so that the covariance 
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matrix becomes singular. These correlations can therefore only be included when 
more configurations become available'. The covariance matrix may also become 
singular when the fitted data is very highly correlated even if enough data is 
available [123]. In these cases it is necessary to reduce the covariance matrix or 
to perform uncorrelated fits. 
To fit a model function f(t; a,.) with r parameters to the data, the parameters are 
varied in order to minimise the X 2-function 
X 2(r) = 	{ f(t; a) - x(t)]a'(t, t)[f(j; cxr ) - (t)], 	(2.47) 
ti,ti 
where the sum is over all timeslices q the fit is performed on. The goodness of fit 
is estimated by the ratio 
	
	where dof denotes the number of degrees of freedom, dof 
dof= q - r. As a rule of thumb, dof 
?L 	1 indicates a good fit [124]. 
Bootstrap Resampling 
The error of the parameters ar are estimated according to a bootstrap resampling 
method [125]. Assume the complete simulation had been performed many times 
over with different sets of N configurations. Performing a X2-minimisation pro-
cedure on each of these hypothetical simulations would yield a distribution for 
each parameter a, which could be used to estimate the error in selecting the one 
particular configuration. 
Obviously, it is not possible to generate these additional configurations. However, 
to mimic this setup one can proceed as follows. The N configurations are resam-
pled randomly, allowing for repetitions, to generate a large number, typically 250, 
of new simulated ensembles. These ensembles are now used to calculate the dis-
tribution of parameters a,.. The quoted error corresponds to the 68% confidence 
limit of the bootstrap distribution. 
3This simulation is performed with N = 60. 
Chapter 3 
Lattice Correlation Functions 
In this chapter the lattice techniques for extracting operator matrix elements from 
numerical simulations are presented. 
3.1 Interpolating Fields, Two-point Functions and Smearing 
Given a particle, correlation functions are constructed from time-ordered products 
of field operators xh  which represent the particle. Thus, to calculate a two-point 
function defined as 
c(x,t) = (OIT{Xh(x)X(0)]O), 	 (3.1) 
it is necessary to find an interpolating field Xh  which maximises the overlap with 
the physical particle of interest. In principle, any operator such that 
(Oxh(0)h) 0, 	 (3.2) 
may be used but it is clear that one wishes to construct the interpolating field in 
such a way that the coupling to radial excitations is small. Here h) denotes a 
single particle state for the hadron h. 
The simplest choice of interpolating field for pseudoscalar and vector particles is 
Xh = Qb(X)1'Qa(X), 	 (3.3) 
where F = -y5 for the pseudoscalar and F =-yifor the vector particle. These F 
reproduce the quantum numbers jPC = 0 and 1--  for the pseudoscalar and 
vector particle respectively. The fields Q,,() and Qb(x) are quark field operators 
of flavour a and b. They are chosen to be at the same space-time point so that 
no gauge fields need be inserted in order to maintain gauge invariance. Since for 
49 
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pseudoscalar particles like the B and D mesons, and for vector particles like the 
D*,  the quark and anti-quark have relative orbital momentum 0, this choice seems 
reasonable. 
However, to enhance the overlap with the ground-state wave-function it is better 
to use spatially-extended interpolating fields. This is the technique known as 
Smearing. The original proposals [104, 105] for "smeared" interpolating fields 
were for non-gauge-covariant smearing functions which had to be calculated in a 
fixed gauge. This problem can be avoided by the use of gauge-covariant sources as 
suggested in ref. [106, 107]. In this study gauge-invariant Jacobi smearing on the 
heavy-quark field is used (described in detail in ref. [108]), in which the smeared 
field, QS(x,t),  is defined by 
QS(xt) >K(x,x')Q(x',t), 	 (3.4) 
X
1 
where the kernel is a scalar function 
N 
K(x, x') 	icA'(x, x') 	 (3.5) 
and 
3 
A(x, x') = >{Sx,x_jiU(x -A,  t) + S', + U(x, t)}. 	(3.6) 
L1 
Wuppertal smearing [106], which uses the operator (1 - #csL\) 1  as the kernel of 
the smearing, corresponds to N = oo, provided that Pcs is sufficiently small to 
guarantee convergence. Following the discussion in ref. [108], 's is set to 0.25, 
and the parameter N is used to control the smearing radius, defined by 
2 - >II x 2 K(x,0)12  r 
= Ex K(x,0)2 	
(3.7) 
The value of N is taken to be N = 75 yielding a radius r = 5.2. 
In terms of the operator QS  of eq. (3.4), the spatially-extended sources x used in 
the calculation of two- and three-point functions are given by 
X(X) = (x)(1 + y D) 17(1 - 'y.  D)Q'(x), 	 (3.8) 
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where I' is the appropriate matrix to create a pseudoscalar, vector or axial current 
and (x) denotes a light anti-quark field. 
The use of smearing functions does not significantly complicate the computation 
of propagators. The quark propagator H(x, y; U) is the basic quantity from which 
all correlators can be built. It is defined as the Greens' function satisfying the 
lattice Dirac equation 
	
+ m)(z, x)H(x, y; U) = S. 	 (3.9) 
The calculation of n-point functions is described in the next section. 
With the fermionic action defined in eq. (2.26), S.dOfl = E q(x)H'(x, y)q(y), 
where the sum is over spin, colour and spatial components, the quark-antiquark 
correlator in the quenched approximation is 
(q(x)q(0)) = f VU H(x, 0) 
6SGauge 	 (3.10) 
The inversion of the fermion matrix H'(O, x) is the numerically most intensive 
part in calculating Greens Functions. H 1 (0, x) is a sparse site x spin x colour 
matrix which needs to be inverted to obtain the quark propagator from the origin 
to every other point. A study of algorithms to solve the equation 
H'(x,y)q(y) = J(x), 	 (3.11) 
for a vector (y), given the source J(x), can be found in ref. [109]. 
3.2 Two-Point and Three-Point Functions 
The correlators are calculated from the functional integral by differentiating the 
generating functional and performing the Wick contractions of the quark fields to 
obtain the contributing diagrams. The n-point function is then related formally 
to the matrix element of physical interest which I shall do explicitly below for the 
three-point function. 
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3.2.1 Two-Point Functions 
Wick contracting the two-point function defined in eq. (3.1) and "time-slicing" 
the correlator to project out momenta, one obtains 
t; U) = ( 	 t)) 
= K 	 (3.12) 
where i and j are colour; /3, -y and S are spin indices and a and b denote the quark-
propagators for quarks of flavour a and b. The brackets K) indicate the average 
over gauge configurations. 
The hermiticity relation 
y5H(O,x)ty5 = H(x,O) 	 (3.13) 
can be used to show that it is only necessary to compute the propagators from 
the origin to all points in space. 
3.2.2 Three-Point Functions 
To compute the matrix elements of semi-leptonic decays, the three-point function 




where t > t0 > 0, is calculated in Euclidean space. The interpolating fields 
XLIA and XMB  create and annihilate hadrons at times 0 and t. To project out 
momenta the operators are weighted with phase factors and summed over the 
spatial lattice. The particles' energies are given by 
	
EB = 	+ PB2, 	 (3.15) 
EA 
= VM2 A+ PB + q12 	 (3.16) 
To extract the matrix elements for the semi-leptonic decays B - Dlv and B -p 
D*lv it is sufficient to consider the case where the particle at the sink, 
MB, is a pseudoscalar. The particle at the source, t = 0, MA,  can either be a 
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J(il, t0 ) 
XMA(0) XMB(x, t) 
t=0 	 t = t:,::  
Figure 3.1: Three-point correlation function 
pseudoscalar or a vector particle. The current is either vector or axial 





where I have denoted the quark fields of the b and c quarks in an obvious way. 
Performing the Wick contractions one finds 
t; 	; U) 	- 	ee2Tr{H'(y,  x)'y5 L(x, 0)FMA H(0, y)F}. 
eg 
(3.18) 
The propagators of the heavy quarks are given by H(0, y) and H'(y, x) whereas 
the light quark's propagator is denoted by L(x, 0). I shall drop the explicit average 
over gauge configurations in the following. 
The calculation of the three-point function does not, as it would first seem, require 
knowledge of the propagator L(x, 0) from the origin to every point x of the lattice. 
Rather, it is sufficient to calculate the "extended" propagator from 0 to y passing 
through the timeslice t. The extended propagator is defined as [110]: 
8(0, y; t, p) = 	H'(y, x)'ys L(x, 0)et . 	 (3.19) 
Acting on this object with the lattice Dirac operator one finds 
( 	+ m)S(0, y; t,pB)  
	
= 5 L(y,0)8(i_top )e il. 	 (3.20) 
One finds that the inversion for the extended propagator requires the light prop-
agator only on a single timeslice. Note also that by solving eq. (3.20) with a 
pseudoscalar particle at the extension point (, t) one can calculate both matrix 
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elements B - DIP and B - D*1i7 with the same extended propagator. The 
momentum of the initial particle MB needs to be fixed for the calculation of 
S(O, y; t,pB) whereas the momentum inserted at the current can be varied when 
the traces are performed. Thus, in the simulation presented below, the form fac-
tors are calculated for a large set of momenta of the final particle but only for two 
momenta of the initial particle, the B-meson, PB = ((O,O,O),(,O,O)). 
To examine the behaviour of the three-point function at large times t 7, and (t - 
t0 ), the lattice completeness relation 
1= 
	
	 A(k))(A( 	 (3.21) 
A r 2EA(lc) 
is used to insert two complete sets of states in eq. (3.14). Here r denotes the 
polarization of the particle A. 
Using translational invariance in Euclidean space, 
O(, t) = eHt+iO(0)e 	, 	 (3.22) 
and the lattice relation 
= 	, 	 (3.23) 
this yields 
,-y3pt 	i (Ar(A)x A (0)O) (OxM(0)B(B)) X 
. A,B 	2EA(A) 	2EB(B) 
>< 	 (3.24) 
Similar manipulations for the two-point functions of the vector and pseudoscalar 





I CpI , 	 (3.25) 
e_5t 
C2Pt - PS - 2Eps Z
S(,SD. 	 (3.26) 
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The matrix element of a pseudoscalar is denoted by: 
Zps(j2 ) = (0xps(0)P(p) 
and that of a vector particle by 
Zv( 2) E = KVr (P1xr1(0)0) 
where r is the polarisation index of the vector particle and jP(p')) and 





function factors Zps( 2) and Zv( 2) depend on the meson's momenta since 
spatially-extended interpolating operators are used. 
Taking top and (t, - t0 ) to be sufficiently large, only the contribution from the 
ground state survives 





For pseudoscalar -* pseudoscalar transitions this simplifies to 
t0; 	
- ZAZB 
, ) 	 (B(pB) J(0) A(pA)) . (3.30) - 4EAEB 
Thus, once the wave-function factors ZA ( PA ) and ZB ( PB ) as well as the energies 
EA(PA) and EB(PB) have been determined from computations of the two-point 
correlation functions of the pseudoscalar and vector particles, the matrix ele-
ment (B(B)J1h(0)A(A)) can be computed. This technique can be applied to 
calculations of the elect ro-magnetic pion form-factor[111], semi-leptonic decays of 
light[112, 113, 114, 115, 116, 117] and heavy[120, 121] mesons and rare decays such 
as B -* K*.y [118,  119]. Reviews of these calculations can be found in ref. [122]. 
In this thesis the first results are presented for the calculations of matrix elements 
of semi-leptonic decays of mesons containing one heavy and one light quark'. In 
this case the operator J(0) is either the vector current V(0) or the axial current 
'The results of ref. [120 121] have all been obtained for the case of elastic scattering only. 
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A(0). 
3.3 Discrete symmetries 
The quark propagators are calculated on a finite sample of gauge configurations 
U. Since the gauge action is invariant under the transformations of parity P, 
charge conjugation C and time reversal T and the combination CP, the set of all 
possible configurations contains the symmetry-transformed gauge configurations, 
too. Rather than computing the observables in the symmetry-transformed gauge 
configurations, clearly a costly operation, one can make use of the symmetries of 
the quark propagator to find the value of the observable under consideration in 
the symmetry-transformed configuration at no additional cost. 
3.3.1 Discrete symmetries of the quark propagator 
The quark propagators for the Clover action can be shown to satisfy the following 
relations 
Hermiticity 
H(x,y;U) = s Ht(y,x;U) s 	 (3.31) 
Parity 
H(x, y; U) = y4H(x, yP;  U')-y4 	 (3.32) 
Charge Conjugation 
H(x, y; U) = CHT(y, x; Uc)C_l 	 (3.33) 
where C = 'Y4'Y2 
Time reversal 
H(x, y; U) = TH(xT, YT;  UT)T_l 	 (3.34) 
where T = 7475 - 
These symmetries can be used to calculate the three-point function in the set of 
gauge configurations U, U p, Uc  and UCP  and to perform the configuration average 
over the additional configurations. Applying these symmetries to the two- and 
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three-point functions can also be used to determine whether the correlators are 
purely real or imaginary. 
3.3.2 Symmetries of the three-point correlator 
Parity 
Calculating the correlator in the parity-reversed gauge configuration 
_1 	t;U")= 
- 	e 	eTr{y4H'(y, x)'y4y5'y4L(x, O)y4FMAy4H(O,  y)-y4 FJ} 	(3.35) 
yields the following phases i: 
MA J = y4 J yj Current 






















C3t(t, ti,; , UP) = i C3t(t, t; -, - U) 	(3.36) 
Charge Conjugation 
A similar analysis for the correlator in the charge-conjugated configuration yields: 
i-i3ptf t  
-1 
- E eeTr{CH'T(x, y)Cy5CLT(O, X)C 1FMCHT(Y, O)C 1F} (3.37) 
Hermiticity of the quark propagator can be applied to show that 
C3Pt(t , ty; b, Uc) = C37t(tx,ty; -, -41  U)* 	 (3.38) 
where * denotes the complex conjugate. This identity holds for any combination 
of indices at the operator and at the source. 
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CP invariance 
Combining C and P invariance allows one to determine whether the three-point-
functions are real or imaginary. I denote a pseudoscalar by P, a vector particle 
by V4 or V depending on what component is used and similarily for the current 
operator which is either the vector current V or the axial current A. The analysis 
yields 
For (particle MA, operator J) = (P, V4), (V4 , V), (l', V4), (V4 , A4), (Vi, A) 
UCP) = C3Pt (o, 4t 7  U)* 	 (339) 
and the three-point function is purely real. 
For (particle MA, operator J) = (P, V4), (V4, Vi ), 	V4), (V4, A4), (V, A3 ) 
C3Pt( p, jUCP) = _C3Pt(17q7U)* 	 (3.40) 
and the three-point function is purely imaginary. 
U, u, Uc, UCP 
Averaging over this set of configurations is therefore is equivalent to making the 
following replacements 
For (particle MA, operator J) = (P,V4),(V4,V),(V,V4),(V4,A4),(V,A) 
C3t(, U) 
- 	{C3Pt( p,  U) - C3t(—, - U) 
+c3't(-, - U)* - C3t(, U)*} 
= iIm{C3Pt(, U) - C3t(—, - U)} 	(3.41) 
For (particle MA, operator J) = (P,V4),(V4,V),(Vj,V4),(V4,A4),(Vj,A) 
C37t(p, U) 
U) + C3 (—p, - U) 
+C3t(—, - U)* + C3Pt&, U)*} 
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= C(p,U) + C3t(—,  Re{ 	 U)} 	(3.42) 
Time Reversal 
Time reversal can be used very effectively by choosing the extension point t, = 24 
since the correlators can then be averaged over the values for I and 48 - I. This 
procedure is sometimes referred to as "folding". 
A similar analysis can be carried out for the two-point correlators and the aver-
aging procedure was also implemented in the calculation presented here. 
Overview of Calculation 
The calculation of three point functions is computationally very expensive. To 
save computer time, the same set of heavy and light propagators is used to calcu-
late as many different correlators as possible. Thus, the UKQCD collaboration has 
calculated the hadronic matrix elements for the decays B -* DIP , B -f D*lv and 
B - K*y  in one numerical simulation. This amounts to a total number of 60 
operators : the first 36 are for heavy to heavy pseudoscalar Isgur-Wise data, and 
the remaining 24 for the B -p K* y  decay. This set of operators is shown in table 
3.1, using the notation (F1 , F2) to represent a decay from a pseudoscalar particle 
to a particle with an interpolating operator IF,, via a current F2. Note that these 
are Euclidean matrices, so that 4 corresponds to the temporal index. 
The momentum injected in the pseudoscalar was fixed to two values, PB = (0,0,0) 
and jj = (1,0,0), when generating the extended propagators. A larger number of 
incoming momenta needed to be injected at the operator in order to cover a large 
range of velocity or momentum transfer, q2, and all values of JqJ < 2 were used. 
Denoting the incoming vector momentum by PD,D* the outgoing pseudoscalar 
momentum by PB  (see figure 3.2), the momentum transfer is given by 
q=PD,D* PB, 	 (3.43) 
The complete sets of momenta are shown in tables 3.2 and 3.3. For pB = 0, 
= pD,D and all possible momenta combinations of D,D* < 2 were used. For 
PB = (1, 0, 0), the situation is more complicated. As the data was calculated in 
q = PD - PB 
PD 1 Q' Icq PB 
"final meson"(=)"initial  meson" 
K q 
Figure 3.2: Lattice momenta - notational conventions. 
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# (F1, F2 ) # (F1, F2 ) 
1 Y5, 7i 31 
2 75, 'Y2 32 73, 7475 
3 75, 73 33 74, '7175 
4 75, 74 34 74 7 'Y'Ys 
5 '71, 71 35 '74, '•Y3Y5 
6 71, 72 36 y'y 
7 71, 73 37 '71,  a34 
8 '71, '74 38 71, 1724 
9 7, 'yi 39 71 7 0'23 
10 727 72 40 71, 0'14 
11 'Y, 	73 41 '71, 913  
12 72, 74 42 '71,  U12 
13 'ye,  -yi 43 '72,  934 
14 73, '72 44 72,  a24 
15 -y3  45 72,  923 
16 4 46 72,  914 
17 '74, '71 47 72,  913 
18 74, 72 48 72,  a12 
19 74, y 49 '73, 934 
20 74, 74 50 '73, U24 
21 717 '7175 51 73, 1723 
22 71, 7275 52 73, 0'14 
23 71, 7375 53 73,  a13 
24 '71, 7475 54 a12 
25 72, 7175 55 'y, 1734 
26 72, 7275 56 'y, a24 
27 72, 7375 57 'y, 0'23 
28 72, 7'7 58 74,  a14 
29 4, '7175 59 'y, a13  
30 '7275 60 '74, 1712 
Table 3.1: The set of 60 operators for which the hadronic matrix elements of 
pseudoscalar to pseudoscalar and pseudoscalar to vector decays were simulated. 
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PD,D q PD,D* q 
1 (0,0,0) (0,0,0) 110 (0,1)-i) (0,1,-!-)  
2 (1,0,0) (1,0,0) 11 (1,1,1) (1,1,1) 
3 (0,1,0) (0,1,0) 12 (-1,1,1) (-1,1)1) 
(0,0,1) (0,0,1) 13 (1,-1,1) (1,-1,1) 
5 (1,1,0) (1,1,0) 14 (1,17-1) (1,11-1) 
6 (1,0,1) (1,0,10 15 (2,0,0) (2,0,0) 
7 (0,1,1) (0,1,1) 16 (0,2,0) (0,2,0) 
8 (1)-1,0) (1)-1,0) 17 (0,0,2) (0,072) 
9 (170 7-1) (1,0)-i)  
Table 3.2: Momenta PD,D* for pB = (0, 0, 0). 
PD,D q PD,D 
1 (0,0,0) (-1,0,0) ii (1,0,-1) (0,0 7-1) 
2 (1,0,0) (0,0,0) 12 (0,1,1) (-1,1,1) 
3 (-1,0,0) (-2,0,0) 13 (0,1)-i)  
4 (0,1,0) (-1,1,0) ii (0)-111)  
5 (07-170) (-1,-1,0) 15 (07-1,-1) (-1,-1,-i) 
6 (0,0,1) (-1,071) 16 (1,1,1) (0 7171) 
7 (0,0,-1) (-1,0,-i) 17 (i,-i,i) (o,-i,i) 
8 (1,1,0) (071,0) 18 (1,11-1) (0,1,-i) 
9 (1,0,1) (0,0,1) 19 (i,-i,-i) (0,-i,-i) 
10 (1,-1,0) (0,-1,0) 20 (2,0,0) (1,0,0) 
Table 3.3: Momenta -D,D* for PB = (1,0,0). 
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terms of up to 2, there is a less complete set of 
Chapter 4 
Results : Pseudoscalar —* Pseudoscalar 
In this chapter I present numerical results of the lattice data for the form factors 
of the decay B -* D1i7 
To start, a precise determination of the vector current renormalisation constant Zv 
is performed allowing for an estimate of (.9(amQ ) effects in heavy quark currents 
on the lattice. In section 4.4 fitting procedures are explored to establish how best 
to determine the form factors; this is closely related to the discussion of how to 
normalise the data properly to obtain continuum matrix elements. Section 4.5 
contains the results for the form factors h+(w) and h_(w) obtained from the 
simulation at 3 = 6.2. Fits to obtain p2, the slope of the Isgur-Wise function at 
w = 1 are performed using some of the anstze introduced in section 1.3.2. An 
attempt is made in section 4.6 to quantify - corrections. Section 4.7 analyses 
MQ 
the form factors' dependence on the mass of the light spectator quark. 
4.1 Introduction 
The hadronic matrix element (VJPP)  for the decay B -p D1i7 can be obtained 
from the lattice correlator (0xD(x)Vt(y,t0p)x(0)0), where XD  and xb  are in-
terpolating fields for the P mesons consisting of a light anti-quark and a heavy 
quark. The improved current V1  has been defined in eq. (2.30). This correlator is 
calculated numerically in Euclidean space using the functional integral 
(0xD(x)V(, t0)x(0) 0) = f VUTr[H'(y, x) 5 L(x, 0)FDH(0, y)F]e 1 , 
(4.1) 
where H'(y, x), L(x, 0) and H(0, y) are the propagators of the light and heavy 
quarks. Working in momentum space, the asymptotic form of the three-point 
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function in Euclidean space is given by 
t0 ; PB; U) = >I; ee(0 XB(X, t)V1'(, t0)x(0) 0) 
- 	 (4.2) 
ZD(PD) ZB(PBD e_ED(D)toPe_E(s)(t_top) x (D,PD VI" B,PB) 
2ED(D) 2EB(B) 
where time reversal invariance has been used. Equation 4.2 is correct, provided the 
three points in the correlator are sufficiently separated in time, L,, (t -t0 ) >> 1 
so that the ground-state contribution dominates. ED(PD) and EB(PB) are the 
energies of the D- and B-meson and their wave-function factors have been denoted 
by ZD(PD) and ZB(B). They are determined from a fit to the asymptotic form 
of the two-point functions for large Euclidean times 
C2 (t,) ei(Xp(Xt)Xtp(OO)) 
—E () 
- Z) 	cosh(Ep(fl[t_ 
Ep() 	
]), 	(4.3) 
where T is the time-extent of the lattice and P stands for either the B or the D 
meson. These meson two-point functions have been calculated for all combinations 
of heavy-light kappa values tabulated in 4.1 for momenta up toj. The asymptotic 
form of the correlator is fitted to eq. (4.3) on time-slices t = 11 to t = 22. Results 
of these fits are tabulated in Appendix A. 
Once the factors associated with the two-point functions are known, the matrix 
element in eq. (4.2) contains the two unknown form factors h(w) and h(w) 
(D,pDVJB,pB) = /mBmD[(vB + VD)h(W) + (vB - VD)h(w)] 	(4.4) 
They are related to the physical form factors by the multiplicative renormalisation 
= constant Zv : h 	-; its determination is the subject of section 4.3. 
4.2 Lattice Parameters 
This simulation was performed using a set of 60 quenched gauge configurations 
on a 24 x 48 lattice at a coupling corresponding to 3 = 6.2. The configurations 
were generated as part of the UKQCD project with periodic boundary conditions 
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60 gauge configurations 










0.125  0.125 
Table 4.1: Data set at j3 = 6.2. 
using the Hybrid Over-Relaxed algorithm [126] with the Wilson gauge action in-
troduced in eq. (2.12). The lattice spacing, determined from the string tension, is 
a 1 = 2.73(5) GeV [127]. In physical units this corresponds to a lattice spacing of 
approximately 0.07 fm and a spacial extent of 1.68 fm. The Over-Relaxed Mini-
mal Residual algorithm with red-black preconditioning was used to calculate the 
propagators [109] with the 0(a)-improved Sheikholeslami-Wohlert action, intro-
duced in eq. (2.26). This is done with periodic boundary conditions in the spatial 
and anti-periodic boundary conditions in the temporal direction. Smearing, as 
outlined in section 3.1, was implemented for the operators creating a meson at 
the origin. The hopping parameters for the calculation are shown in table 4.1. 
Each of the final heavy quark hopping-parameters 1CQI has been combined with 
any of the light spectator anti-quarks IS q 1 and initial heavy hopping-parameters 
acq. Since, both for the case of pseudoscalar — pseudoscalar and pseudoscalar —* 
vector, the lattice particle with hopping parameter rQ is always a pseudoscalar, 
this particle will be called the "initial meson"'. 
Frequently, the data-set will be split into the "degenerate" and the "non-degenerate" 
case; the first refers to the set of hopping-parameters for which initial and final 
meson masses are identical, the elastic scattering; the latter comprises all other 
hopping-parameter combinations. Note that for the two degenerate decays with 
hopping parameters 0.125 and 0.133, the form factors have only been calculated 
at one value of the light quark mass, 0.14144. 
'The light anti-quark will frequently be called "light quark" for simplicity. 
2The three-point function is calculated in its time-reversed form to allow for the use of 
previously calculated light propagators. 
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PB (0,0,0) (1,0,0) 
(0,0,0) (1)0,0) (-1,0,0) (0,0,0) (-2,010) 01110) 
PD (0,0,0) (1,0,0) (0,0,0) (1,0,0) (-1,0,0) (0,1,0) 
mom 1 6 1 1 1 4 
Table 4.2: Momenta at /3 = 6.2 in lattice units. 
Momenta 
The complete set of momentum combinations for which the matrix elements have 
been calculated are shown in tables 3.2 and 3.3. To minimise statistical and 
systematic errors, correlators with initial or final momenta equal or greater than 
jpj = \/(7r/12) are not used. Momenta resulting in the same q2 - and therefore 
the same velocity transfer w - are averaged. Table 4.2 shows the momenta used in 
the analysis of this and the following chapter. All momenta are in lattice units so 
that 	= 1. The lower row in table 4.2 indicates how many equivalent momenta 
are averaged over for the temporal components of the lattice current, Y = 4. 
As can be seen from table 4.2 there are two channels for which the velocity of 
the meson is unchanged by the electro-weak current. Whereas the combination 
(0,0,0) —* (0,0,0) fulfills the zero-recoil condition, w = v 	= 1, regardless of the 
masses, the channel (1, 0, 0) —p (1, 0, 0) gives zero recoil only for the degenerate 
case. 
Statistics are enhanced by choosing the time t at which the initial meson is 
destroyed to be half-way across the time-extent of the lattice, trJ. = 24. The three-
point function is symmetrised about this point using Euclidean time reversal. The 
time position of the current is varied in the interval top = 7 - 16. 
4.3 Determination of Zv 
In the continuum the lattice vector current is related to the physical current 
V = Q1yQ2 by a renormalisation constant Zv 
v/-i = ZvVt  + O(aa8) + 0(a2 ) , 	 (4.5) 
where the lattice vector current is the "improved" operator defined in eq. (2.30), 
V1 = Q11P11Q2, and F is defined in eq. (2.31) (see section 2.1), with two heavy 
quarks Qj and Q2. 
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/3=6.2 ___ /3=6.0 
, MOQ  ZJL /cQ m°a Z1JL 
0.133 0.236 0.8913t 0.129 0.365 0.920t 
0.129 0.324 0.9177t 0.125 0.448 0.945t 
0.125 0.410 0.9428k 4  0.120 0.549 0.973t 
0.121 0.494 0.9659t  
Table 4.3: The normalisation constant ZL  as a function of the mass of the heavy 
quark. The value of k q is 0.14144 at /3 = 6.2 and 0.144 at /3 = 6.0. 
The renormalisation constant Zv can be determined very precisely by evaluating 
the ratio 
	
ZiL - 	C2(t)p') 	 (4.6) Pt 	q  
where C'  Pt 4(t0 ,, 	 i7 = 0) is the three-point function of the forward matrix 
element (P, p Vf P, j),. The renormalisation constant for a particular heavy quark 
current obtained in this way is denoted by Z. Unless explicitely stated the 
momentum is taken to be = 0. 
Formally, discretisation errors for 	are of 0(cx8mQa) and 0(m,a2 ) (see section 
2.1). For light quark currents, where the operators x and xt in eq. (4.2) annihilate 
and create mesons with two light quarks, the renormalisation constant determined 
using eq. (4.6) at /3 = 6.2 and for a hopping parameter lcq = 0.14144 is found to 
be 	ht  = 0.831(1)[128]. Using the chiral Ward identities the authors of ref. [129] 
find Zv = 0.815(6). These results are in excellent agreement with the value from 
one-loop perturbation theory [130] 
ZV = 1 - 0.10g2 + 0(g4) = 0.834 + 0(g4 ) , 	 (4.7) 
evaluated using the coupling constant obtained from the mean field resummation 
of tadpole diagrams [131] 
2 	6  g = ,uo=( 8 1 ). 	 (4.8) 
These results show that for light quarks the discretisation errors are small. The 
difference between Zv and ZL  will give a measure of the size of discretisation 
errors for heavy quark currents. 
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Figure 4.1: The renormalisation constant ZL  as a function of m°Q a. The solid 
lines represent fits to quadratic functions of m°Q a for the data at the two different 
values of 3. The errors on the points are smaller than the size of the symbols. 
In table (4.3) Z -r' obtained with= 0 is shown as a function of the bare heavy 
quark mass, 	
1 
mQ a = ln{1 + 	- -)}. 	 (4.9) 2 r. Iccrit 
The light quark masses correspond to ,c = 0.14144 at /3 = 6.2 and ic = 0.144 at 
/3 = 6.0. The second data set is obtained using the same gluonic and fermionic 
action but with a bigger lattice spacing of a = 2.0 GeV. The lattice size is 
163 >< 48 so that the volumes of the two lattices at /3 = 6.2 and /3 = 6.0 are 
practically identical. The physical light quark masses are both slightly larger 
than the strange quark. 
Fig. 4.1 shows the results of a fit of the two data sets to a quadratic function in 
m°qa. Since the results at the two values of /3 are consistent it is reasonable to 
conclude that the discretisation errors are indeed functions of m°qa only. Results 
of the fits to 
ZJL = A + Bma + C(ma)2 	 (4.10) 
are shown in table 4.4. For two of the heavy masses at 8 = 6.2, corresponding 
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I3I A I 	B I 	C 
6.2 0.814k 2 94+12 .0 -0.072+18 - 2 '-12 I-18 	I 
6.0 0.791k 4 I.0 9+18  -0.120 +20 - -18- 0 
Table 4.4: Results of fits to ZV L = A + Bm°qa + C(m°qa)2 at the two values of j3 
and a light quark mass of icq = 0.14144. 
to ICq = 0.129 and !cQ = 0.121, values of ZJ" were calculated for three values of 
the light-quark mass. Table 4.5 shows that ZL  is practically independent of the 
mass of the light quark. 
Furthermore, table 4.5 contains results for Z" evaluated using the forward matrix 
element with = (1, 0, 0). In this case it is possible to obtain ZL  from the ratio 
eq. (4.6) for Lorentz index ji = 4 and IL = 1 seperately. In the latter case one has 
1) = 1 
C2(i,p) 
EC'(t,t,p) 
where E is the energy of the meson with momentum= (1,0,0). Table 4.5 shows 
that the difference in results for Z L obtained with = (1, 0, 0) and 	0 is less 
than 1% for the temporal component. On the other hand, the difference between 
= 4) and Z([t = 1) for the case 	= (1, 0, 0) is slightly bigger. For 
Lorentz index ,a = 1 it is no longer the charge operator appearing in 113 and the 
statistical error is much larger. The discrepancy between the two values of ZL 
for j = (1, 0,0) and= (0, 0, 0) is not bigger than 1.5 a and this could be a purely 
statistical effect. Figure 4.2 shows fits of the three different ZL  to a quadratic 
in mQa. Taking the values Z'U(ji = 4) as the best value for Zv'J'(m°Qa) table 
4.5 shows that the values differ from the value for light quarks by about 10-20 
% for the range of quark masses used in the calculation of three-point functions; 
for nQ = 0.129, which corresponds approximately to the mass of the charm, the 
discretisation error is approximately 12 %. This is consistent with the expectation 
that the errors are of 0(o8mQa) and O(ma2). For 	= 1) the discretisation 
error is found to be as large as 40 %. 
Since O(mQ a) effects can become quite large for heavy quarks it would be unrea-
sonable to use the perturbative value of Zv to normalise the data. The issue of 
normalisation will be adressed further in section 4.4. 
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iarid .   ZL  
PC q = 0.14144 PCq = 0.14226 /cq = 0.14262 
IL = 4,p= 0.133 0.8913t 
= 4, p= 0.129 0.917711 0.916811 0.916511 
jL = 4, 	= ö 0.125 0.942811 
= 4, p= 0.121 0.965911 0.965611 0.9658t 11 
IL = 4, p= (ir/12,0,0) 0.133 0.897611' 
tt = 4, p= (7r/12,0,0) 0.129 0.924811 24  0.9242t 014 .9240t 
it = 4, j5= (7r/12,0,0) 0.125 0.949811 
= 4,j= (7r/12,0,0) 0.121 0.972911 0.9734t 12  27 0.9 746t 
IL = 1, j1= (7r/12,0,0) 0.133 0.949+ 57 —56 
IL = 1,= (ir/12,0,0) 0.129 0994 —63 0982+83  . 	—86 0924 	
±134 
. —118 
u=1,=(ir/12,0,0) 0.125 1.042 +53 —67 





Table 4.5: Values of ZL  for different choices of the Lorentz index , momenta , 
and light quark masses (given by icq ). 
It is worthwhile taking another look at the statistical error for ZiL( i  = 4) ob-
tained from the ratio eq. (4.6). These errors are tiny, due to a nearly complete 
cancellation of the fluctuations in the numerator and denominator. To achieve 
this cancellation it is necessary to have precisely the same momenta for two- and 
three-point function. In particular for the three-point function calculated with one 
lattice unit of momentum in the x-direction,= (1, 0, 0), the two-point function 
must not be averaged over the equivalent momenta ((+1, 0, 0), (0, +1, 0)(0, 0, +1)), 
as is standard procedure to determine the energies and wave-function factors of 
the mesons. Table 4.6 shows how choosing the correct two-point function leads to 
better cancellation in the ratio eq. (4.6). The first column is the usual ZL  ob-
tained from the three-point function with momenta (0, 0, 0) -* (0, 0, 0). Columns 
2, 3 and 4 all use the three-point function with A = (1, 0, 0) - 	= (1, 0, 0), but 
differ in the choice of two-point function. Method 2, (p = 1), averages over all 
six possible orientations of the spatial momentum. Method 3, (p = 1), regains 
some of the correlations between numerator and denominator by only averaging 
over = +(1, 0, 0). Method 4 uses the two-point function at the same value of 
momentum as the three-point function, = (1,0,0) only. 




x z(1,0,o) 1  
Z(1101 0) 4 
0.2 	0.4 	0.6 	0.8 
In (i+ - 
Figure 4.2: The renormalisation constant ZL  as a function of m°qa at two differ-
ent momenta and Lorent indices. 
P° 1PI = 1  Pa' Px 1 
0.129 0.14144 0.9176k 3 0.96t 0.93i 0.925t 
0.121 0.14144 0.9659t i.00t 0 .97t 0.973t 
Table 4.6: Comparison of ZL  obtained from eq. (4.6) using the same three-point 
function but differently averaged two-point functions. Column 1 is ZL  for 
= (0, 0, 0). This is to be compared with column 4 which contains the ZL  
for= (1, 0, 0) obtained with the two-point function which has momentum only 
in the x-direction. 
Table 4.6 shows that the errors decrease as more mutual correlations between the 
three-point and two-point functions are regained. The values obtained by method 
4 are remarkably accurate, and only differ from the zero momentum numbers 
by 1%. The values obtained with two-point functions averaged over two or six 
momenta are relatively high although consistent with column four within errors. 
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4.4 Fitting Procedure and Normalisation 
It is possible to cancel the time dependence of the three-point function by dividing 
out the appropriate two-point correlators 
C3 (óB, q, t, t0 ) 
r2f - -L \rY2 - f '—'D  PD, top)1 B 
fPB, x - tQp  
ZD()ZB(DmBmD[(vB + vD)h(w) + (yE - VD)hL (W)] (4.12) 
In so doing, one has to be sure that the two-point functions are asymptotic in the 
region of time-slices where the ratio eq. (4.12) is fitted. This may not be the case 
for momenta of magnitude N/2 and higher. For smaller momenta, fitting the ratio 
R4 must yield values of h (w) and h (w) consistent with those obtained from a 
fit to eq. (4.2) with the energies and masses of the mesons frozen to their fitted 
values. I shall perform a comparison of these two fitting methods in section 4.4.2. 
Extracting h+(w) 
Depending on what momentum combination is considered, eq. (4.12) yields be-
tween one and three equations to determine h(w) and h(w). Numerically, the 
time component, = 4, is the cleanest channel. This component is used to ex-
tract h(w) under the assumption that the contribution of h_(w) is negligible, 
h_(w) = 0. Indeed, this is exact for the degenerate transitions as a consequence 
of current conservation. For non-degenerate transitions the error introduced by 
this approximation is of O(c(mq), as(m'Q), i—) since, to leading order in the  
expansion one has 
h(w) = [o + 	( w) + O()](w), 	 (4.13) 
mQ 
where 0_(w) are the radiative corrections known to 0(a8 ). The leading power cor-
rections are proportional to EQ and eQ, with a proportionality factor independent 
of the heavy quark masses. Furthermore, since h_(w) must vanish for EQ 
the leading power corrections must be proportional to EQ - EQ!3. Thus, the error 
made on h(w) in setting h_(w) = 0 in the time component of eq. (4.2) to lowest 
3j  am ignoring radiative corrections at 
:= 
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order in -i-- is mq 
Sh+(w) - (v - v')0 [/3(w) + (E - CQ')Si/mQ(W)l I 	
(4.14) 
h+ (w) - (v + v')° 	(+(w) +1) 
with a function Si(w) which is estimated to be of order 1. For the transitions 
MQ 
considered  (v+v')° < 0.02. Using Neubert s short-distance corrections one finds 
f3+(w) values as small as —0.07 and 10-(w)l as large as +0.02 for the transitions of 
the heaviest to the lightest quark. For this case the power corrections are largest: 
EQ - EQ = 0.1 where the parameter A has been set to 0.5GeV[1]. Thus for the 
worst case 	< 0.25%. This error can be increased if S_i(w) is much larger 
than 1; but even assuming this function were around 4, 	remains below 1% 
because the ratiois so small. Therefore one may safely estimate 
Sh(w) 
< 1% , 	 (4.15) 
h+ (w) 
and the time component of eq. (4.12) with h- (w) 	0 will give a precise deter- 
mination of h(w). Clearly, eq. (4.15) needs to be verified once h_(w) has been 
extracted; to do so I proceed as follows. 
Extracting h_(w 
Having calculated h(w) in the above way, h(w) is found by fitting to all avail-
able components of eq. (4.12) whilst holding h(w) fixed to its time-component 
value. The fit is determined by minimizing a x2  function which takes into account 
correlations between different times for each component j  and cross correlations 
between different equations labelled by jt. The x2/dof therefore expresses how 
good the data fits the form of eq. (4.12) and how compatible the decomposition 
in terms of h(w) and h(w) is. If unreasonably high x2/dof were to be found 
this would indicate that the value to which h() is frozen does not agree with 
the decomposition of the spatial equations. Equally, reasonable x2/dof - and, of 
course, small h(w) - validate this method. 
The reason h(w) is fixed to obtain h(w) is motivated by the fact that the 
temporal and spatial components of eq. (4.12) are not quite compatible : recall 
that the determination of ZL  showed that the discretisation errors on the three- 
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point functions differed by up to 10% between temporal and spatial channels. This 
issue is closely related to the one of normalisation of the form factors h and will 
be further discussed below. A consistency check can be performed by fitting to all 
components of eq. (4.12) with both form factors as free parameters. The h+(w) 
obtained in this way should agree with the h(w) obtained from the temporal 
component only. Equally, one may choose to perform fits without correlations 
between equations taken into account and this will also be tested. 
Normalisation 
The lattice vector current is related to the physical current by eq. (4.5) so that 
the physical h± are obtained by the same prescription 
h±(w) = Zvh(w). 	 (4.16) 
Since discretisation errors of the three-point functions proportional to O(amQ) 
are fairly large, see section 4.3, it is unreasonable to use the perturbatively deter-
mined Zv. A more suitable choice of normalisation will lead to better control of 
discretisation errors and hence to more meaningful results for h±(w). 
Table (4.3) shows that the normalisation depends mildly on the mass of the heavy 
quark. The three-point correlators are therefore normalised depending on their 
heavy quark content. For the degenerate data set this is straightforward : current 
conservation implies 
Zj'h(1) = h(1) = 1 . 	 (4.17) 
The (0, 0, 0) -f (0, 0, 0) recoil channel can therefore be used to calculate a ZL 
which incorporates all zero-recoil discretisation errors. Assuming that the mo-
mentum dependence of 0(a) effects is small, using eq. (4.17) cancels discretisation 
errors when used to normalise the temporal equation of eq. (4.12). 
For the non-degenerate data-set it is a priori not clear how to proceed since 
the heavy quark current is no longer conserved. Nevertheless, as discussed in 
section 4.6, the form factor h+(w) is unaffected by - effects at zero recoil. 
MQ 
Eq. (4.17) is modified to 
Zh(1) = h(1) = [1+ 	(1) + 0()](i). 	(4.18) 
mQ 
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Assuming thatcorrections are negligible at w = 1 one can therefore nor-
malise the data for both the degenerate and non-degenerate case by: 
h+ 
 (w) — ___ 
— 
h_(w) = h' (w) 
h(1) (1 +13+(1)) 
	 (4.19) 
The error introduced for the non-degenerate data-set can be estimated as follows: 
calling hcorrec t the correctly normalised physical form factor which incorporates 
-— corrections at zero recoil, denoted by 81/m2, one finds 
?flQ 
hc0t — h+(w) x 1 + i3
+(1) + S1/m2  
(4.20) + 	— 	 1+3+(1) 
[1 + 81/m2]h+(W) . 	 (4.21) 
Thus, supposing that the size of the second-order power corrections are of the 
order -5%, as predicted by ref. [76], the correct physical form factor would be 5% 
smaller than the one extracted here. However, ratios of form factors will be free 
of this uncertainty. In section 4.6 power corrections at order 	will be analysed 
and this will give an indication to what extent 	corrections in eq. (4.18) can be 
neglected. I note also, that the degenerate data-set will be free of this theoretical 
uncertainty. 
In principle, the forward matrix element for the mesons with one unit of momen-
tum in the x direction may also be used to normalise the data. For degenerate 
transitions the forward matrix element for momenta (1,0,0) —* (1,0,0) gives a 
non-zero temporal and spatial component which can be used to normalise the 
respective channels. This is particularly important since section 4.3 has shown 
that discretisation errors are much larger for the spatial channels. However, 
for the non-degenerate data set the channel (1, 0, 0) —* (1, 0, 0) does not corre-
spond to zero recoil. Therefore, in order to treat the complete data set in a 
consistent way, the form factors will always be normalised by the temporal recoil, 
ZJJ'((o, 0, 0) — (0, 0, 0), y = 4). 
It is important to note that because h+(w) is obtained from the correctly nor-
malised temporal component of eq. (4.12) it does not suffer from the discrepancy 
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in normalisation between temporal and spatial equations. This discrepancy is ab-
sorbed completely by the form factor h_ (w) which is obtained from both temporal 
and spatial equations. For the degenerate data set, where h_(w) = 0 by current 
conservation, the value of h_(w) obtained on the lattice is a measure of the size of 
the discrepancy. For non-degenerate transitions the values of h_(w) can be used 
to put bounds on the physical h_(w). 
There are two ways of enforcing the normalisation eq. (4.19) on the lattice. One 
1++(1) can normalise the three-point functions by the fitted value of ZHL -, = h(1) 
Equivalently, all form factors can be normalised by fitting directly to the ratio of 
the three-point function and its corresponding zero-recoil channel. Both methods 
have been tried and do not differ significantly. In the following all normalisation 
will be done using the fitted values of 
4.4.1 Radiative Corrections 
The radiative corrections are calculated according to Neubert's short distance 
expansion [19]. For this purpose the heavy quark mass is defined as 
rn = —(3m + ms) - A, 	 (4.22) 
where ms  and m are the chirally extrapolated masses of the vector and pseu-
doscalar particles in lattice units (see Appendix A). These masses correspond to 
heavy-light mesons with a massless anti-quark; in this case the parameter A is 
taken to be 500 MeV[1]. 
Since the calculation is performed in quenched lattice QCD the number of quark 
flavours is set to 0 and no particle threshholds are assumed in Neubert's expressions4 . 
In Appendix B values of 13+(w)  are tabulated for various combinations of heavy-
quark masses and over the range of w for which h+(w) has been calculated. 
The equivalent radiative correction factors to h_(w) have also been calculated 
they are completely negligible. 
'See however the discussion of quenching in section 2.3.1 : the lattice cutoff is adjusted to 
incorporate the effects of quenching. It is therefore not clear how to run quenched lattice QCD 
results. 
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4.4.2 Choosing a fitting method 
The kinematics of this simulation are such that h(w) have been calculated for 
a range of w very close to zero recoil, w = 1. The set of points in this region 
with the smallest errors will dominate the determination of the form-factors' w-
dependence and, subsequently, that of the Isgur-Wise function. Ideally, choosing a 
particular fitting method should not affect the determination of a fit-parameter as 
for example p2. In this section I make an attempt expose to what extent different 
procedures of fitting affect the form factors. For clarity this study will be made 
on a subset of the degenerate data only; recall that for this data set h_(w) 0 is 
a consequence of current conservation. 
In the previous section the following possible fitting methods have emerged which 




	 t, t0 ). 
h (1) 
The form factors are normalised by the fitted value of h(1). Energies and 
wavefunction factors are frozen to their fitted values from the two-point 
function fits. 
Method 5: 
The data is normalised as in A. The exponential decay of the three-point 
function is cancelled by the appropriate two-point functions. 
h+ (Lo) 
It is natural to expect the three-point functions to reach their asymptotic form 
half way between the point where the initial meson is created (t = 24) and where 
the final meson is destroyed (t = 0). Unless otherwise stated, the three-point 
functions are therefore fitted on time-slices 11, 12 and 13. 
Table 4.7 contains results for h+(w) at the heaviest quark masses obtained with 
both methods. I include some of the higher momenta, which are dropped in the 
analysis of subsequent chapters, for comparison. The data is plotted in figure 4.3. 
Errors on w are not shown and the points are shifted with respect to each other 
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1CQ = 2100 	* /CQI 	2100, 	Icq = 4144 
Method A Method B 
PB / PD W 
h+(w) 
1+i3(w) x /dof 
2 
1+/3(u) 
2 x /dof 
(0,0,0) (0,0,0) 1.000t i.000t 3.2/2 i.000t 1.1/2 
(0,0,0) (1,0,0) 1.037t0.91t 13/2 0.96t 3.3/2 
(0,0,0) (1,1,0) 1.067t 0.87t 	0 .43/2 0.891t 2.5/2 
(1,0,0) (0,0,0) 1.037j 0.89k 6.4/2 0.91t 	1 .1/2 
(1,0,0) (1,0,0) 0.996t 0.96t 	0 .99/2 0.97t 0.5/2 
(1,0,0) (-1,0,0) 1.157t 0.78t 2 /2 0.81t 2.1/2 
(1,0,0) (0,1,0) 1.076t 0.86t 	3 .2/2 0.88t 0.41/2 
(1,0,0) (1,1,0) 1.021t 0.90t 1 .1/2 0.89 0.91/2 
(1,0,0) (0,1,1) 1.102t 0.79k 0.25/2 0.81t 1.4/2 
Table 4.7: Values of the physical h(w)  obtained with the two fitting methods (1+3 (w)) 
A and B; see text for details. 
to enable a comparison of the errors; the correct w is that of the points on the 
left, method B, depicted by the crosses x. 
The first observation is that fitting to the ratio RIL, method B, results in very low 
x 2/dof, indicating that there is a very good cancellation of the exponential. Good 
plateaus are found around t, = 12, as expected, for all momenta and all heavy-
quark mass combinations. Examples of such plateaus are shown in figure 4.4. 
The data exhibit plateaus between t0 =11 and t0 , =13 for all momenta; however, 
the data is not asymptotic on more than the three time-slices. Recall that the 
extension point t,, = 24 was chosen to enable the use of Euclidean time-reversal. 
A simulation with the initial and final meson further apart would possibly allow 
for greater scope in the variation of t0 albeit at the cost of not being able to 
average the correlator with its time-symmetric counterpart. 
In comparison, using method A results in larger x 2/dof. Using this method the 
data favours fits on time-slices 12-14 when the B-meson has zero momentum, and 
time-slices 11-13 when PB = (1,0,0). 
To extract values of the energies and wave function factors the two-point functions 
are fitted on time slices 11-22. It is possible that the two-point functions for 
higher momenta are not yet fully asymptotic on the time slices for which the 
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Figure 4.3: Comparison of fitting methods : A = L, 8 = x. 
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Figure 4.4: A set of plateaus for rQ = nQ, = 0.121 and Icq = 0.14144. The 
data-points correspond to the ratio eq. (4.12). The plateaus are obtained from a 
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three-point functions are fitted. This would mean that the ground state energies 
and wave-function factors are not properly isolated, leading to an overestimation 
of the two-point functions. In table 4.7 no such effect is seen, indicating that 
maybe too much caution has been applied. However, the situation deteriorates 
somewhat when going to lighter anti-quark masses; thus, when determining the w 
dependence of the form factors, momenta equal or bigger than 	will be excluded. 
Overall, the two methods are remarkably consistent. However, for both meth-
ods, figure (4.3) shows a slightly larger discrepancy between the momentum 
combinations (0,0,0) -* (1,0,0) and (1,0,0) - (0,0,0). This occurs over the 
whole range of hopping parameters : the values of h+((0, 0,0) - (1, 0,0)) and 
h+((1, 0,0) -p (0,0,0)) correspond to the same velocity transfer w since the masses 
of the initial and final particle are identical. The reason for this discrepancy can 
found in the way the two form factors are extracted the three-point function 
from which h((0, 0,0) -* (1, 0, 0)) is obtained is found by averaging the set of 
six momenta (+1,0,0), (0,+1,0) and (0,0,+1) whereas h((1,0,0) - (0,0,0)) 
is determined from a three-point function which explores only the x-direction. 
In both cases the wave-function factors and energies of the two-point functions 
have been averaged over all six momenta. Thus, the inconsistency of the two 
values is interpreted as a statistical fluctuation. This is the same effect encoun-
tered in section 4.3 where the value of ZL  obtained from the ratio eq. (4.6) when 
evaluated with a three-point function in the x-direction and a two-point function 
averaged over all directions comes out too high. 
As pointed out above, method B yields smaller x2/dof in comparison to method 
A. The only momentum combination for which any significant change, compared 
to the error bars, between the two methods is observed is h((0, 0, 0) -+ (1, 0, 0)). 
Using method A these values are lower thus making them more compatible with 
the equivalent momentum h((1, 0, 0) -* (0, 0, 0)). The large values of x2  for 
this method are due to the fact that the exponential falloff of the three-point 
correlators is slightly different to the one with the energies fixed to their fitted 
values from the two-point functions. 
To allow for a better fit to the exponential decay of the three-point functions 
for method A, two approaches have been tried. Firstly, a simultaneous fit to 
the two- and three-point functions was performed. On the limited number of 
Chapter 4. Results : Pseudoscalar -p Pseudoscalar 	 81 
configurations available this clearly reduces the number of time-slices the fit to 
the two-point functions can be performed on. The errors are thus so drastically 
increased that consistency is achieved through loss of accuracy. 
A better approach is to allow one additional parameter in eq. (4.2) and fit to 
>< e 5 ° , 	 (4.23) 
which is tantamount to letting the fit determine the energy of the final particle, 
the D-meson. Understandably, this method leads to an increase in the errors for 
h(w) and to low x2/dof. The surprising result is that the values of SE/E are 
found to be less than 0.1% for any combination of heavy and light quark hopping-
parameters and for all of the momentum combinations. Using this method, the 
values of h((1,0,0) -* (0,0,0)) and h((0,0,0) -* (1,0,0)) are in excellent 
agreement. All other momenta are consistent with those of figure 4.3. However, 
this approach poses certain problems. Firstly, it is in principle inconsistent to 
allow for changes in the energies while holding the wave-function factors fixed. 
This is somewhat defused by the fact that the values of SE are all consistent with 
0. Secondly, there is no clear way of generalising this method to the case where 
fits are performed simultaneously to more than one four-vector-component of the 
three-point function. For this reason this method will not be pursued further. It 
has however given further evidence that the inconsistency between the values of 
h((1, 0,0) - (0,0,0)) and h((0, 0,0) - (1,0,0)) is of a statistical nature only. 
Another momentum combination which warrants some attention is h+((1, 0,0) -p 
(1, 0, 0)). For degenerate transitions this point corresponds to zero recoil and 
therefore, due to current conservation, h+(w) must be equal to one. As can be 
seen from figure 4.3 the values of h((1, 0, 0) -* (1, 0, 0)) are slightly lower than 
1. At a light anti-quark mass corresponding to /cq = 0.14144, h+ (w) is consis-
tent with 1 within icr; for lighter anti-quark masses the situation becomes worse. 
As for the case discussed previously, this inconsistency arises because the three-
point function explores only the x-direction. For this particular momentum one 
can calculate h+((1,0,0) -* (1,0,0)) in an alternative way which uses the same 
three-point function and the same method of normalisation but the wave-function 
factors and energies are cancelled by the unaveraged two-point function pointing 
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in the x-direction only. Using the values of ZJL  from table 4.5 in section 4.3 one 
finds values of h+(w), 
__ 	- 	= 4, (0,0,0) - (0, 0,0)) 
(4.24) h((1,0,0) ,' (1,0,0)) - Z( = 
4,(1,0,0) 	(1,07 0)) 
equal to one to within 1% indepenent of the light spectator quark mass. 
To summarize the findings so far : the two fitting methods are found to give 
consistent results within errors. Momentum combinations which seem to yield 
slightly inconsistent results were investigated and the inconsistencies were shown 
to arise due to the same statistical fluctuation which was encountered at the end 
of section 4.3 in the determination of Z. 
h- (w) 
Finally, h_(w) is extracted using all available components of eq. (4.12) with h+(w) 
frozen to its temporal value. Method B is chosen since it leads to significantly 
better x2  in the extraction of h+(w). 
nQ = 2100 __+ Ii = 2100, 	rIq = 4144 
Method B 
PB PD w h- (w) x 2/dof 
(0,0,0) (1,0,0) 1.037t-0.09ii 21/5 
(1,0,0) (0,0,0) 1.036t 2 2 04 . 	3 2/5 
(1,0,0) (-1,0,0) 1.153t 4 . -0 00 
1 3.7/5 
(1,0,0) (0,1,0) 1.072t5 . 	- l 0 00 
1 16/8 
Table 4.8: Values of h_(w) obtained with the fitting method B, described in the 
text. 
Table 4.8 shows the resulting values of h(w). Radiative corrections are not ap-
plied to h- (w) since they are very small and because h- (w) suffers from potentially 
large discretisation errors so that its physical interpretation is not entirely clear. 
The number of degrees of freedom (dof) varies from momentum combination to 
momentum combination because the number of non-vanishing equations used to 
determine both form factors varies between one and three; since all equations are 
fitted on three time slices dof = 7 corresponds to three, dof = 4 to two and 
dof = 1 to one equation. 
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The x2  for these fits can be quite large. This is due to the fact that all errors due 
to the discrepancy in the normalisation are soaked up by h_(w). The analysis of 
section 4.3 has shown that the discretisation errors are different for temporal and 
spatial equations and the fitting method here ignores this fact by freezing h(w) 
to its temporal value. Thus, the three-point functions are not being fitted to a 
form which allows for these discrepancies and this forcibly creates high x 2/dof. 
Nevertheless, this is the only way to keep h(w) free from large discretisation 
errors. Slightly improved x 2/dof are obtained by not taking into account corre-
lations between equations but no significant change in h_(w) is observed. Finally, 
the data was also fitted allowing both h(w) and h_(w) to vary; this results in 
compatible values for both form factors, too. 
Table 4.8 shows that h_(w) takes on values greater than 0 whereas current conser-
vation requires h_(w) 0. However, in section 4.3 it was shown that the spatial 
components of the three-point functions are low by up to 15% compared to the 
temporal components (resulting in larger ZL  for 1L = 1). This is compatible with 
h_(w)j taking on values as large as 0.15 as found in table 4.8. To the level of 
accuracy with which h_(w) can be determined it is therefore concluded that for 
the degenerate dataset h_(w) is consistent with 0. 
Using this bound on h_(w) it is now possible to quantify the error made on h(w) 
from fits to the temporal equation of eq. (4.12) only. Using eq. (4.14) one finds 
(v - v')0 	h_(W)max 	0.1 
8h+()max  = Imax 	 '- 0.07 >< (v + v')0 n+ (w) 
1%. 	(4.25) 
The systematic error due to this approximation is thus very small. 
Recap and summary 
An extensive study was carried out to understand the sytematics of several fitting 
methods and different normalisations of the data. Having found consistency, the 
following fitting method will be used. The form factor h(w) is determined from 
a fit to the temporal equation of eq. (4.12) alone. The form factor h(w) is 
found by a fit to all available components of eq. (4.12) with h(w) frozen to its 
temporal value. The data will be normalised subsequently by taking the ratios 
____ 	 hL(w) 
h(1)(1 +,8+(l)) and 	+,8+(l)). Only momenta smaller than 	will be 
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included in fits since higher momenta possibly have large systematic errors. 
4.5 Results for /3 = 6.2 
The results for h(w) and h_(w) for all heavy and light quark mass combinations 
are tabled in Appendix C. 
In figure 4.5 the form factors h+(w)  and h_(w) are plotted for all different mass 1++ (w) 
and momentum combinations at the heaviest of the light hopping parameters, 
Kq = 0.14144. It is a surprising result that the data for 1)  falls on such a 
smooth curve. From this plot it is clear that it is a non-trivial task to find the 
heavy-quark mass dependence; points with very close values of w are equal within 
errors independent of what mass or momentum is used. This is a first indication 
that corrections proportional to the inverse power of the heavy quark masses are 
not very large; this will be investigated further in section 4.6. 
The smoothness of the data is also an indication that O(amQ) errors are fairly 
well under control and that the approximation of setting h_(w) 0 for all mass 
combinations is fairly reasonable. This is underlined by the fact that the values 
found for h_(w) are such that h_(w) < 0.2. This is in fact a conservative 
estimate since the points in figure 4.5 which yield the largest h_(w) result from 
the momentum combination (1, 0, 0) -+ (1, 0, 0) for which the coefficient in the 
equation which determines h_(w), eq. (4.12), is a small number when the masses 
of the initial and final heavy quarks become identical. To the accuracy with which 
h_(w) can be determined with the chosen fitting method (see the discussion in 
section 4.4.2), it is therefore concluded that the form factor h_(w) is small for all 
h_(w) < 0.1. 	 (4.26) 
4.5.1 Extracting p2  
The form factor h(w) is related to the Isgur-Wise function (w) by 
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Figure 4.5: All data points over the whole range of masses and momenta for the 
form factors 	and h_(w) at n, = 0.14144. 
where -y(w, mq ) incorporates all O(i)  effects and mq stands for either of the 
7ThQ 
heavy quarks. Thus one may write 
h+(w) 	
[i +(w,mq)] (w). 	 (4.28) 
i+3+(w) 
To determine p2 = —'(1) it is necessary to know the size of all corrections to the 
limit of infinitely heavy quark masses. Heavy Quark Symmetries do not predict 
the size of these corrections; the only model-independent information available is 
at the zero-recoil point. Here, the form factor h+(w) is protected against O() 
mQ 
corrections by Luke's Theorem (see section 1.3.4). This has been used to normalise 
the data according to 
hL( \ 




h(1) =[1 +,3+(l) + O(—-)]. 	 (4.30) 
V 	 mQ 
For the degenerate case O(-) 	0 due to current conservation. For the non- 
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I NBsw(w) 	I 	BSW(W) 
/cQ I /cQl ]_2 
	N 	I x2/dof 2 	x2/dof 
2100 21001.4 0.99t 9.4/ 3 1 .0 97/4 — _ 
2500 2500 
]I 
1.4tO.99t 1 2/3 + 2 12/4 — 2 
[ 2900 2900 i"-' 
+ 2 
— 2 0.99t 	" -' 13/3 i 	
+ 2 — 2 13/4 
3300 3300 1.4i 0.99t 1 12/3 1.5i 12/4 
Table 4.9: Values of 62 and N for the elastic scattering at /cq = 0.14144 from fits 
to NBsw(w) and 6SW(W)- 
degenerate data set a systematic error has a priori been introduced through the 
normalisation procedure by setting O(-) = 0 at w = 1. Away from zero re-
coil both the degenerate and non-degenerate data-sets will be affected by power 
corrections so that the functional forms of '(w) and h() may differ. For the 
degenerate data set these corrections can be expected to be rather small close to 
w = 1. To test this assumption I shall focus first on the degenerate data-set at the 
heaviest anti-quark mass; this will provide a rough estimate of the size of power 
corrections. In section 4.6 this analysis is extended to include all masses of the 
initial and final heavy quarks. 
&Cq = 0.14144 - elastic scattering 
Figures 4.6 show fits of the four degenerate data sets to one of the proposed 
functions for (w) 
BSW(W) = 2 1exp{_(22_1)W}. 	 (4.31) 
The slope is denoted by 6 to emphasize that it may be different from the slope 
of the Isgur-Wise function. To start, a normalisation factor N is allowed to 
incorporate for the overall uncertainty in the normalisation of the data on the 
lattice so that a two-parameter fit is performed to N Bsw(w). The fits are then 
repeated setting N=1. 
The resulting slopes are shown in table 4.9. The fits result in relatively large 
x2/dof. This is due to the discrepancy of the measurements of the momenta 
(1,0,0) —p (0,0,0) and (0,0,0) -* (1,0,0) as discussed in section 4.4.2. Remark- 
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Figure 4.6: Fits to BSW-function for the four cases of elastic scattering at 
0.14144. An overall normalisation factor is allowed. 
ably, one finds no variation in 32  suggesting that O(—) effects are small in the 
MQ 
range of w explored. 
To establish that this is not due to the particular choice of parametrisation the 
data is also fitted to a quadratic function 
quad(W) 2(w — 1) + 	— 1)2. 	 (4.32) 
This parametrisation is valid close to w = 1 and is more general than the specific 
parametrisation of BSW. The results of the quadratic fits are shown in table 
(4.10). 
The fits confirm that the four data sets yield the same slope parameter. This 
would mean that at the heavy quark masses used in this simulation the scaling 
regime is reached and 	is an Isgur-Wise function. An extrapolation to the 
chiral limit would then yield the Isgur-Wise function relevant to 	DIP and 
B —* D*10 decays. Furthermore, the normalisation factor N is found to be 1 in 
the two-parameter fits; this validates the normalisation procedure. 
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_ 	Nquad(w) 		T 	&ivad(W) 
/cQ 	kQ/ II _ 2 c 	N x2/dof I{_62 c 	x 2/dof 
2100 2100 i. 	7 ±7.1 i.00t 9.4/3 1 • 6 6' 94/4 9 -9.2 - 4 '- -4.1 
2500 2500 1.5+ 6 i.00t '-' 12/3 1.6 • 'j±2.2 12/4 - 6 -6.6 - 3  -2.1 
2900 2900 1  6 -I-. 4+2.8 0. i.00t 13/3 1.6 2  3.5 +i.1 13/4 - -3.1 - 2 
3300 3300 1.6 k 3.1 i.00t 11/3 1.5t 2 ( 	+ 6 "-7 11/4 2 
Table 4.10: Values of 32  and N for the elastic scattering at ICq = 0.14144 from fits 
to Nquad(w) and quad(W)- 
To further substantiate the claim that power corrections are small, the data at 
all heavy quark masses will be used in the following section to quantify O(-) 
corrections more precisly. This will be done at the heaviest light-quark mass, 
Kg = 0.14144, as this is the data with the smallest statistical errors and, at this 
light quark value, the simulation was performed over a slightly larger range of 
heavy quark masses. It will be assumed, in what follows, that the findings at this 
light quark mass give a valid description of the heavy quark mass dependence at 
lighter masses of the spectator quark. 
4.6 Heavy Quark Mass Dependence of h+(w) 
Recall from section 1.3.4 that the scale of -i- corrections is set by the parameter 
7ThQ 
A, eq. (1.61). Putting Q(') 	2 	/ , the corrections at higher order in - can be Q() 	 Q 
written in terms of two functions 
h±(w) 
[1 + 	(w)] (w), 	 (4.33) 1 +/3 (w)  
with 
y,qi(w) = gQ (w, a8(mQ ), z)fq+gQ'(w, a8(mq/), z)f Q'+O(€, €,, €QEQ/) . (4.34) 
Since the mass of the light spectator quark is nonzero the energy carried by the 
light degrees of freedom will differ to its value in the chiral limit by an amount 
equal to the mass difference of the heavy quarks. Using eq. (4.22), which defines 
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the spin-averaged heavy quark masses, one finds 
/ 41 	x 
A4144 -  Ax=:  mQ4144 - mQ = 	 - m) + m
44 
p - mp)], (4.35) 
which gives 
Furthermore, 







The functions gQ and gQ' are matrix elements of dimension five operators evaluated 
at order O(E°Q( I ) ). These two functions must be equal when Q = Q'. The amount 
by which they differ will partly be governed by logarithms of the heavy quark 
masses, as indicated by the presence of the running coupling in the functions' 
arguments. The functions will also depend differently on the variable Z. However, 
since the difference between gQ and g; is one of radiative corrections it is very 
small. In what follows this difference will be neglected so that eq. (4.34) simplifies 
to 
yQl(w) = g(w)(6Q + EQI) + O(e, ,, €€'). 	(4.39) 
To evaluate the function g(w) it is necessary to have a set of h+ ( Lo) at a fixed w for 
different masses of initial or final mesons. This is achieved when the momentum 
of one of the mesons vanishes since w then becomes independent of that meson's 
mass. There are four such values of w for which this is the case. For each of 
these four points there are four measurements of h+(w). One of these is used 
to normalise the remaining three. Thus, for example for vanishing initial meson 
momentum, the following ratio is constructed 
R(w,x) =- h'(w)/(1 +'(w)) 1 
EQ 	h''(w)/(1 + ' (w)) 
g(w)(1 - MQ, + O(, ci,, 	 (4.40) 
mQ 
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Figure 4.7: Fits to Rt The slope and intercept is the function g(w). 
The resulting three data points for each w are fitted to a straight line the slope 
and intercept of which is g(w). The details of the fits are summarized in table 
4.11. In figure 4.7 the data is plotted with the fits for each of the four W. The 
data for R satisfies the parametrisation of eq. (4.40) surprisingly well. 
The resulting g(w) is shown in figure 4.8. The function is consistent with zero 
over the range of recoils w that have been studied : 1 < w < 1.1. Although this 
is a very small range of velocity transfers there is no apparent trend in g(w) and 
this could indicate that g(w) remains small over the experimentally interesting 
range, 1 <w < 1.5. Unless the 	corrections are cancelled by higher order 
corrections in the w-interval that has been studied, this means that 
corrections are genuinely small, as are all higher-order corrections. Thus, for 
h(w) the flavour component of the heavy-quark symmetry is well satisfied in the 
charmed sector. This is somewhat surprising since for the decay constant fD  of 
the pseudoscalar D meson the authors of ref. [85], in a very similar study, find the 
O(e) corrections to the heavy-quark limit to be in the order of 30%. 
Since g(w) is found to be consistent with zero, the neglect of power corrections 
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Pt D* KB PD PB W x 
A 0.121 0.121 (0,0)0) (1,0,0) 1.037t 1 1.00 0 
0.125 1.16 46 -0.032t 
0.129 1.40 -0.056+63  49 
0.133 1.80 -0.084 +86  -56 
g(w) = 0.122i430 with _  _X2 /dof=O.1/2  
B 0.121 0.129 (0,070) (1,0,0) 1.062t1.00 0 
0.125 1.16 -0.00 +227 
0.129 1.40 50 -0.062t 47 
0.133 1.80-0.139  +64 49 
g(w) = 0.141i73 with _ 2 /dof=0.9/2  _  
C 0.125 0.121 (1,0,0) (0,0,0) 1.047t 1 1.00 0 
0.125 1.16 0.003 
0.129 1.40 0.023t36 
0.133 1.80 0.003 	' _ 39 
g(w) = -0.162401 with _ 2 /dof=0.3/2  
D 0.133 0.121 (1,0 )0) (0,0,0) 1.088t1.00 0 
0.125 1.16 -0• 	' 4+17 0) -16 
0.129 1.40 -0.062 +33  35 
0.133 1.80 -0.027 +75  -81 
g(w) = 0.117 +76 t 	with 	2 /dof=1/2 
Table 4.11: Power corrections to hA1 (w) for four values of w when icq = 0.14144. 
See text for definition of R and g(w). 
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Figure 4.8: The subleading form factor g(w)- 
in determining the value of h(1) used to normalise both h(w) and h(w) is 
justified. Since no mass dependence of h+(w)  is found one can combine data at 
1+13+ (w) 
fixed light quark mass of different initial and final heavy quark masses. This will 
be done in the following section to determine the light quark behaviour of h(w). 
The fact that 	corrections are negligible also means that the functions 
are effectively Isgur-Wise functions. Thus, when K. = !'tcrit, the Isgur-
Wise function obtained is the one relevant to B — Dlv decays and to elastic B 
and D scattering. Furthermore, an interpolation to the mass of the strange quark, 
Icq = KS will yield (w), the Isgur-Wise function relevant to to B9  —* Dli7 decays 
and to elastic 135 and D5 scattering. However, since the range over which g(w) has 
been calculated is very small, care needs to be applied in the determination of the 
slope p2. In principle, only values of h(w) determined in the regime 1 < w < 1.1 
should be used to determine p2 as the O(---) corrections further out have not mQ 
been tested. 
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4.7 Light Quark Mass Dependence of h+(w) 
Chiral Extrapolation 
To determine the Isgur-Wise function relevant to semi-leptonic decays with a light 
anti-quark ü or d the results for h+(w) are extrapolated to vanishing light anti-
quark mass 'crjt = 0.14315 [132]. 
The extrapolations are linear in the bare quark masses 
11 	1 
amq = 	— . 	 (4.41) 
Both h(w) and w are fitted to functions of the form ci(amq ) + c2 independently. 
The values of c2 are the chirally extrapolated h+()crjt and Wcrjt. 
The results of the chiral extrapolations are tabled in Appendix C.2. All fits 
result in small x 2/dof with the possible exception of the momentum combination 
(1,0,0) —* (1,0,0). This channel corresponds to zero recoil when the masses of 
the initial and final heavy quarks are identical. As was discussed in section 4.4.2 
the constraint h((1, 0, 0) —* (1, 0, 0)) = 1 is not very well satisfied. This was 
seen to arise due to a statistical fluctuation in the way the three-point function 
for this particular channel had been calculated. The constraint is less and less 
well satisfied for lighter anti-quarks. The correlated extrapolation tries to fix the 
downward trend in the data and does so at the expense of a large x2 /dof. 
The form factor h_(w) is not extrapolated since it suffers from large discretisation 
errors and is therefore not entirely physical. 
Interpolation to the Strange Quark 
The same linear fits as for the chiral extrapolation are used to interpolate to the 
mass of the strange quark, ic = 0.1419 [132]. The interpolated results for h+(w) 
and w, are given by ci(am8) + c2 where m is the improved bare mass of the 
strange quark. These values can also be found in Appendix C.2. 
Since it has been established in the previous section that 	is an Isgur-Wise 
function, the form factors with different initial and final heavy quark masses at 
fixed light-quark mass are combined in this section to determine the light quark 
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behaviour and the slope of the Isgur-Wise functions at the light-quark masses of 
a ti or d and 9. However, in view of the fact that 0(—) corrections have only 
been tested in the range 1 < w < 1.1, these slope values may be contaminated 
by symmetry-breaking effects at larger w. Furthermore, momentum-dependent 
lattice artefacts will be studied below to determine the size of the systematic error. 
The slope parameters obtained in this section are therefore not the absolute best 
values of p2 : however, fitting all data points at fixed light quark mass allows for 
a determination of the form factors' dependence on the light quark masses. 
Results of fits to the function suggested by BSW are shown in figure 4.9 for both 
K q = Kcrit and kq = 'strange. The full line is for the fit to NBsw(w)q , the dashed 
lines represent fits to the same function with N = 1. 
Since the dependence of the Isgur-Wise function on the velocity transfer w is a 
priori unknown 	is also fitted to a quadratic parametrisation 
quad(W)q 	p2(w — 1) + C— 1)2, 	 (4.42) 
where c is the curvature of the Isgur-Wise function at zero recoil. Setting c = 0 
yields a lower bound on the slope parameter. 
The fit results for the different parametrisations at the three light-quark values, 
0. 14144, 0.14226, 0.14262 and for Icq = Ic3 and Icq = kcrit are presented in 
table 4.12 . 
The fact that the values of x2/dof are relatively high should not be taken as an in-
dication that the parametrisations described above are poor representations of the 
data. The large x2  are mainly due to the discrepancy between the measurements 
of h+((1,0,0) —* (0,0,0)) and h((0,0,0) — (1,0,0)) which has been discussed 
in detail in section 4.4.2. Furthermore, it was shown that h((1, 0, 0) —p (1, 0, 0)) 
is a poor representation of the form factor due to a statistical fluctuation. One 
should therefore not look at the absolute magnitude of x2/dof to determine the 
goodness of fit but rather at the relative performance of different parametrisa-
tions. One then finds that better fits are achieved with all functions when the 
'Other parametrisations of the Isgur-Wise function give virtually the same parameters as 
sw and are therefore not tabled. 
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N3sw(w) fBSW(W) 
kg p2  I 	N I x2/d.oJ. p2  I x2/d.o.f. 
0.14144 1.4+ 1 0.99t 150/58 1.5t 160/59 
,c8 1.3k 0.98 k 80/38 1.5k 89/39 
0.14226 0.9 ji O.95t 	9 4/38 1.5j 130/39 
0.14262 O.6j10.92t 87/38 1.5t 140/39 
ICcrit 0.9 0.95k 47/38 1.4k 2 74/39 
Nc ii (w) &j(w) 
kg p2 N x2 /d.o.f. p2 x2/d.o.f. 
0.14144 1.0ji 0.97t 160/58 1.3j1 240/59 
i.ot 0.97t 86/38 1.2j 130/39 
0.14226 0.8ji 0.95t 	9 5/38 1.2t 17 0/39 
0.14262 0.5t 0.92t 8 7/38 1.2t 16 0/39 
KCTit 0.7 k 0.94k 49/38 1.1k 110/39 
N quad(W)   quad(0.') 
kg p2 c N x 2 /d.o.f. p2 c X 2/d.o.f. 




9_  150/58 
1.4 2  3 32 0.9911 
2 78/37 2 1.611 
2 3 +1.2 
-1.4  80/38 
0.14226 1.0+ -3 
7+1.7 
-1.9 __ 0.9611 	9 3/37 1 7 	
2 
-2 6.1 +1.6  -1.8  110/38 
0.14262 0.6110 6+2.5 -2.9 0.9211 ___ 87/37 1 9 -3 
7 9+2.3 
-2.4  110/38 
Kcrit 1.23  - 4 -2.0 0.9711 45 /37 1 7 - 3-1.9 5.9 +1.7  51/38 
Table 4.12: Results of fits of the data for h(w)/(1 +,3+(w)) to the parametri-
sations BsW(w), 1 (w) and g d(w) with and without the additional parameter 
N, as described in the text. For fixed kg , all heavy-quark mass combinations 
were used. Only transitions with initial and final meson momenta less or equal to 
7r/(12a) were included. Here iccr jt = 0.14315(2) and tc8=0.1419(1). 
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Figure 4.9: Fits to sw(w)q and N3SW(w)q to all data points (using all mass 
combinations and momenta) in the chiral limit (right plot) and at the strange 
light-quark mass (left plot). 
additional parameter N is allowed. The x2 /dof does not particularly favour any 
of the parametrisations when the normalisation is not fixed to 1. As expected, a 
linear fit yields the lowest value of p2 since it is the only parametrisation which 
does not allow a positive curvature. Since fits to N(w)35 and N(w)quad result 
in virtually identical values of p2 the BSW parametrisation will be taken as the 
standard form since it has one less parameter and yields slightly lower x 2 /dof. 
4.7.1 Systematic error 
To judge how good the values of p2 that have been obtained in the previous section 
are, one needs a quantification of the systematic errors. 
It is not possible to estimate the size of the O(amq) effects proportional to the 
momentum transfer; these effects cannot be disentangled from the form factors' 
own functional dependence on q2; this can only be done by comparing the results 
presented here with data on lattices of different lattice spacings. 
The size of discretisation errors proportional to O(ap) at zero recoil can be 
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estimated by comparing the renormalisation constants ZL  obtained from the 
forward matrix elements (0,0,0) - (0,0,0) and (1,0,0) —* (1,0) 0). One finds 
zHL  ((1,o,o) — (1,0,0), y= 4) 
— 1 <1%, 	(4.43) 
ZvH((0, 0,0) —* (0, 0, 0), = 4) 
for the degenerate data set. These errors can therefore be safely neglected. 
In the previous section it was shown that power corrections to 	are small. 
In fact, this is also an indication that remaining mass-dependent discretisation 
errors in (w)5 and (w),d are small. However, discretisation errors proportional 
to asap, where p is the magnitude of the incoming or outgoing meson can be 
analysed as follows. 
For fixed initial and final meson momenta the data for all heavy quark mass 
combinations for (w)5 and (w) d are fitted to N(w)Bsw . The coefficients of the 
artefact terms are the same within each such momentum set and different from set 
to set. The variation in the results of the fits will give an indication of how large 
these artefacts are, although this issue cannot be disentangled from the statistical 
variations that were found in section 4.4.2. In particular, when the initial and 
final momentum magnitudes in two different sets are the same, the variation must 
be attributed to these statistical fluctuations and not to the difference in a 5 ap j  
and a5ap f . 
The results of these fits to the different momentum sets are shown in table 4.13 
and in figure 4.10. The values of p2  for the different momentum sets are quite 
NBsw(w),d 	] NBsw(w)5 	I 
PB [_PD* 	I p2  N x 2ldof 
_______ 
p2  N x 2 /clof 
(0,0,0) [(1,0,0) 0.9+  —3 0.98t 0.1/10 1 2 	
2 
—2 1•00 0.1/10 
(1,0,0) (0,0,0) 1.7 	6 —6 0.95t 0.2/10 1.8 0.96t 0.1/10 
(1,0,0) (0,1,0) 0.9j1 0.95t 0.2/10 
II 	
1.5t 0.97 t 0.1/1 0 
(1,0,0) (-1,0,0) 0.9t 0.95t 0 .7/10 1.2t 0 .97t { 0.1/ 10 
Table 4.13: Values of p2  and N from different momentum sets and all heavy quark 
mass combinations at 'cq = ICcrit. 
compatible within each other and with the values obtained from fits to all data 
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Figure 4.10: Fits to all masses for different momentum combinations. Consistent 
slope parameters are found for all momenta with the exception of the combination 
h((1,0,0) — (0,0,0)). 
and momenta (see table 4.12). The exception is the combination h+((1, 0, 0) —f 
(0, 0, 0)). This discrepancy has been encountered before : it has been interpreted 
as a statistical fluctuation, due to the fact that the correlator for this momentum 
explores only the x-direction, rather than a systematic error proportional to asap. 
In fact, the same problem arises for the momentum h+((1, 0,0) —* (1, 0,0)), which, 
for degenerate heavy quarks, should give (1) = 1. Using the chosen fitting 
method, this condition is clearly violated; however, for this data-set, it is possible 
to use a different method to extract the form factor by calculating 
	
— ZvH ( 	4, (0,0,0) 	(0, 0, 0)) 
h((1,0,0) —p (1,0,0)) — ZL( 4,(1,0,0) —* (1,0,0)) 	
(4.44) 
Here, the ZL  are obtained with two- and three-point functions which both explore 
only the x-direction (see section 4.3) and therefore retain far more correlations. 
Using this method one obtains values of h((1, 0, 0) — (1, 0, 0)) = 1 to within 1% 
even when going to lighter anti-quark masses. 
It is reassuring that the value of N is very close to 1 for the case h+((0, 0, 0) 
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(1, 0,0)) because the corresponding data are clearly the best points these data-
points should have the smallest discretisation errors because the momenta of the 
incoming and outgoing mesons are less than or equal to the initial and final mo-
menta of the other momentum sets. They are also the points for which the normal-
isation procedure is optimal because they are obtained from three-point functions 
which are much more correlated with the three-point functions which are used to 
calculate the normalisation factor hi(1) than any of the other data points. This 
is due to the fact that for this one particular momentum, the three-point function 
is built using the same exponentiated propagator as for h(1). These data points 
also have the smallest statistical errors since they have been obtained from an av-
erage of six different momenta. Finally, the w for these points are all in the range 
1 < 1.1 : thus, they will be free of O(—) effects as found in section 4.6, and can 
MQ 
be safely used to extract a slope parameter free of any power corrections in 
rnQ 
Clearly then, this momentum combination is best suited to determine the slope of 
the Isgur-Wise function without introducing the statistical and systematic errors 
which are inherent to the other momentum combinations. 
4.7.2 The Isgur-Wise Function 
Following the comments of the previous section, the procedure to determine p2 
will be as follows : all heavy-quark mass combinations for h+((0, 0, 0) —* (1, 0, 0)) 
are fitted to 6BSW with the normalisation fixed to N = 1. This gives the central 
value and the statistical error for p2. The systematic error is obtained by allowing 
a spread in the values of p2 which encompasses the two central values obtained 
from a fit to all data points to eBSW  and to NBSW,  as shown in figure 4.9. Thus, 
the results for the slope of the Isgur-Wise function at w = 1 are 
P,d = 1 .2it(s tat.)t(syst.) 	 (4.45) 
for ,-,d(w) and 
= 1.2it(stat.)t(syst.) 	 (4.46) 
for (w). 
The values found using this method, chosen to minimise the systematic errors 
and the O(—) contaminations, are in excellent agreement with the fits to all 
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Figure 4.11: The Isgur-Wise function for a spectator quark whose mass is (a) 
zero and (b) the strange quark mass. The points denoted by * have been used to 
obtain the fits which give the best values of p2 and the statistical errors quoted in 
eq. (4.45). The normalisation is fixed to 1. See text before eq. (4.45) for details. 
data points (see table 4.12 and figures 4.9). The errors are by far large enough 
to encompass the small fluctuations in the central values of p2 found when fitting 
the data to other possible paramet ris at ions. 
The discussion of these results and a comparison to predictions by other authors 
is postponed till the end of next chapter in which an attempt will be made to 
extract p2 from the form factor hA1(w) of the decay B —* D*1i7 
Chapter 5 
Results : Pseudoscalar —* Vector 
In this chapter results are presented for the form factors of the decay B -p D*li 
Starting in section 5.2 the form factors contributing to the axial current are anal-
ysed and section 5.8 contains results for the vector current form factor. 
5.1 Introduction 
The lattice parameters of this simulation are identical to those of the decay B -+ 
D1i7 and can be found in section 4.2. 
Recall from section 1.3 that four form factors are needed to describe the matrix 
elements of B -f D*l 
(D*(vF, e) V'2 B(v)) = 	i hv(w) E'2" 	€ 	v, (5.1) 
(D*(v,€) A'2 B(v)) = hA1 (w)(w + 1)€*'2_ [hA2 (w)v'2 + 
The calculation proceeds much the same way as the calculation of the matrix 
elements of the B -* D1i7 decay. The lattice correlator 
is calculated, where xis the appropriate interpolating field for a vector meson 
and J1'2  is the lattice axial or vector current. 
5.2 Axial Current 
The asymptotic form of the three-point function in Euclidean space is given by 
C(t, t0; B;  U) >I 	 t)A(il, i0)x (0)0) 
ZD* (LD ) ZB( B ) e_**)t0pe_ 	 PD X > 
E*(D*, 	* AB, 	) , (5.2) 
101 
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where qP = (PD* 
- pB). Defining 
AA' = PB (5.3) 
r 
and performing the sum over polarisations one finds the Minkowski space relation: 
, p5 •p. 
A 	= 	mBmD* [( —g + 	2 	)(w + 1)hA1 (w)] 
MD* 
1 	PBPD 
2 PD_PB1 [ hA2(W)PB +hA$ (W)PD.] 	(5.4) \/mBmD* mD* 
where I have converted back to a mass-dependent normalisation. For any momen-
tum combination of the final and initial mesons this yields sufficient equations to 
determine the three form factors. The energies and wave function factors are 
determined from eq. (4.3) and the equivalent correlator for the vector meson 







i t)x t(, 0)) 
- 
( 
—g/hu + —i— I rn, J 	Ev(fl 
(5.6) 
cosh (Ev&)[t 
- ]) (5.7) 
Before proceeding to present results for the form factors it is necessary to relate 
the lattice axial current to the continuum axial current. This is the subject of the 
following section. 
5.3 Axial Current Normalisation ZA 
The lattice form factors hL(w) contributing to the axial lattice current A are 
related to form factors in the continuum by a multiplicative renormalisation con-
stant ZA 
h(w) = ZAh(w), 	 (5.8) 
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where 
AAn co t = ZAA + 0(aa3) + 0(a2) , 	 (5.9) 
and h stands for hA,(w), hA2 (w) and hA3 (w). Since the axial current is not 
conserved, ZA cannot be determined as precisely as the renormalisation constant 
of the lattice vector current Zv (see section 4.3). The procedure followed to 
determine ZA is therefore the same as the one used to determine Zv for the 
non-degenerate data-set of the pseudoscalar matrix elements. It is motivated by 
Luke's Theorem which states that hA1 (w) is unaffected by - corrections at the 
M Q 
zero recoil point , w = 1. One can therefore write 
P7HLI L 
A Ai( 	[1+A1(1)+0()](1). 	 (5.10) 
Values of the perturbatively calculable radiative corrections, given by/AI(W) and 
calculated using Neubert's short-distance expansion are tabulated in Appendix 
B. Once again, the superscript HL indicates that a different normalisation con-
stant will be used which depends on the quark content of the mesons involved in 
the process. This procedure should help eliminate some of the remaining lattice 
artefacts of O(arnQ ). 
Using the fact that for PB = PD* = (0, 0, 0) eq. (5.4) simplifies to 
= ./mBmD.(w + 1)(_gb"'  + 8,8 o)hA1(w) , 	(5.11) 
Z L can be determined by fitting [A"(O, 0, 0) + A22(0, 0, 0) + A33(0, 0, 0)] to a 
constant function. All axial form factors are then normalised by 
h(w) - h(w) ri + A1(1)]. 	 (5.12) - h 1 (l) 
As for the case of h+(w) this normalisation procedure introduces an error of the 
size of the -4 corrections to hA,(w) at w = 1. This error cannot be avoided. 
Figure 5.1 shows ZL  as a function of the bare heavy quark mass m°Qa, 
ZA IL 	A + Bma + C(ma)2 , 	 (5.13) 
L with the fit parameters shown in table 5.1. Table 5.2 contains results for Z 
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1/31 A B C 
6.2 O_ 'I 
Table 5.1: Results of fits to ZL = A + Bm°Qa + C(m°Qa)2 at a light quark mass 
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Figure 5.1: The renormalisation constant ZA  as functions of m°qa. The solid 
lines represents a fit to a quadratic functions of m°qa for the data at n,0.14144. 
for the heavy kappa values and at three masses of the light quark. The results 
indicate that ZA" depends only mildly on the heavy and light quark masses. 
The values calculated here can be compared to the value of ZA found in one-loop 
perturbation theory for the 0(a)-improved action [130] 
ZA = 1 - 0.02g2 + 0(g4) = 0.97, 	 (5.14) 
using the boosted coupling g as defined in section 2.2.1. A recent non-perturbative 
calculation however found a much larger value, ZA = 1.09, at 3 = 6.0. This was 
obtained by requiring that the correctly normalised currents obey the continuum 
Ward identities [128]. Possibly, the inclusion of the 0(g4) will close the gap 
between the perturbative and non-perturbative values. 
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qHL 
'-'A  
Icq mQ a IC q = 0.14144 lCq  = 0.14226 /Cq  = 0.14262 
0.121 0.4943 1.12 it 1.10 it 1.07 t 
0.125 0.4102 1.10 + 2 
0.129 0.3243 1.08 1.06 + 1.05 
0.133 0.2363 1.07 t 
Table 5.2: Values of ZIL  for the degenerate data set. 
5.4 The Form Factor hA1 (w) 
Eq. (5.4) shows that hA1 (w) can be determined for any momentum using the 
spatial-spatial component 
As" (p = 0,p = 0) = JmD*(w + 1)hA1 (w). 	(5.15) 
Neither hA2 (w) nor hA3 (w) contribute to these particular channels regardless of the 
initial and final meson masses. Together with the fact that O(i)  corrections are mQ 
expected to be small over the range of w explored here, due to Luke's Theorem, 
this offers the possibility of extracting a precise value of the slope of the Isgur-Wise 
function. 
To determine hA1 (w) the ratio 
q, t, t) 
C LUf 	 -L -L 3pt.PB, q, &B, ,op 
— top)) 
(5.16) 
is fitted to a constant, where the three-point function at large Euclidean times is 
given by eq. (5.2) and the two-point correlators at large Euclidean times are given 
by eq. (5.5) and eq. (5.7). 
The procedure followed here is similar to the one for the determination of h+(w). 
To start, all heavy quark mass combinations at the largest spectator quark mass 
are studied in an attempt to quantify O(—) corrections to the infinite quark 
mass limit. In section 5.6 the light-quark dependence of hA1 (w) is investigated. 
The momenta used for fits to determine the functional form of 	are shown in 
table 5.3. For all momenta good plateaus are found on timeslices t0 	11, 12, 13. 
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(0,0,0) (1,0,0) 
Lp* (0,0,0) 1 	(1,0)0) (0,0,0) 	1 (1,0,0) 1 	(-1,0,0) 1 	(0,1,0) 
Table 5.3: Momenta in lattice units used to determine p2. The momentum com-
bination (0, 0, 0) —* (0, 0, 0) is used to normalise the data after the fit. 
5.5 Heavy Quark Dependence of hA1 (w) 
In the study of the heavy quark dependence of the form factor h(w), section 4.6, 
were found to be negligible close to w = 1 so that 1J)  is effectively an 
Isgur-Wise function. This analysis tested the flavour component of heavy quark 
symmetry. In this section a similar analysis will be performed for the form factor 
hA1 (w) thus probing both the spin and flavour components of the symmetry. As 
in section 4.6, this study will be performed at the heaviest mass of the spectator 
quark, ic = 0.14144; in the sequel it will be presumed that the heavy quark mass 
dependence at this light quark mass is a valid representation of the dependence 
at lighter spectator quark masses. 
To get an indication of the size of symmetry-breaking effects figure 5.2 shows the 
data at icq = 0.14144 for the two form factors hA1 (w) and h+ (w) for the complete 
degenerate data set. The plot shows no significant difference between the form 
factors close to w = 1. This is not unexpected since, of the six form factors needed 
to describe the semi-leptonic decays B — D1i and B —p D*li7 , only h(w) and 
hA1 (w) are protected against O(—) at zero recoil. 
MQ 
A simple probe of the size of these corrections can be obtained by performing 
fits to the BSW parametrisation for a fixed mass of the b-quark and differerent 
masses of the c-quark. Figure 5.3 shows these fits for the heaviest of the b-quarks, 
corresponding to lcQ = 0.121 and all four c-quark values. There is no trend in p2  
at all, all fits give a value of p2 = 1.0 with a normalisation just below 1. 
To substantiate this point further the ratio 
hA1 (w)[1 +/3A(w)1 
-1 
(w) = 1 +YA1 (w) 	 (5.17) 
h(w)[1 +j3+(w)]'  
is calculated. In eq. (5.17) the fact that O(—) corrections to h(w) are small 
has been used to set yh(w) 0, so that h+(w)[1 +,3+  (w)] = (w). In principle, 
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Figure 5.2: The degenerate dataset for the two form factors protected by Luke's 
Theorem, hA1 (w) and h+ (w). Close tow = 1 the data lies exactly on top of each 
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Figure 5.3: BSW fits for the fixed b-quark mass, /cQ = 0.121 and varying masses 
of the c-quark. All fits result in the same slope parameter indicating that 
effects are small for hA1 (w). 
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there is only one kinematical case for which the form factors h+ (W) and hA1 (w) 
have been calculated at the same velocity transfer. This is achieved, when the 
momentum of the D and the D*  is 0 and jEirj = (1, 0, 0). In this case 
EB 
WD1 = 	= 	 (5.18) 
MB 
so that the ratio can be calculated at four values of w, corresponding to the four 
heavy quark masses of the b-quark. However, the mass difference between the 
D and the D*  is an O(—) effect in HQET. Therefore the velocity transfers w 
MQ 
are essentially degenerate to very high accuracy and one can use all momenta to 
calculate the ratio eq. (5.17). 
Figure 5.4 shows that no significant deviation from 1 is found for the ratio close 
to w = 1 as expected from figure 5.2. Further out, however, one finds values 
for 	(w) around 3 to 5%, albeit consistent with 0 at the la level. In figure 
5.4 different mass combinations have not been distinguished; to show that this is 
possible it is neccessary to study the heavy-quark mass dependence of the function 
'YA1 (W). 
One may decompose the function y ' (w) describing the O(—) corrections into 
MQ 
two functions gQ and 9Q' just as in the case of h+(w), see section 4.6 
Q Q,
-Y11= g1(w,aS(mQ),z)EQ +g)(w,a3(mQ'),z)EQ' + 
0(61  
(5.19) 
However, it is no longer the case that 	=9Q, when Q = 	- as I assumed 
in section 4.6 for the case of 'yh+,  since the structure of the higher dimension 
operators that the functions describe are different. In what follows the analysis 
above together with the results of section 4.6 will be taken as justification to 
set the O(—) corrections proportional to 	to 0, g1(w,a(mq),z) = 0. This 
Mb 	 Q 
approximation is nearly exact at tree level. It introduces an error which can be 
estimated using Neubert's expressions for the functions N(w), h(w) = N(w)(w) 
[1]. One finds that the difference is suppressed by a kinematical factor 	which 
multiplies the Eb term. The error is therefore negligible in the region close to w = 1. 
One may then perform an analysis similar to that of section 4.6 to extract the 
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Figure 5.4: The ratio 	 Since O() corrections to h(w) are 
rn 
negligible, h(w)[1 + 	= (w) and the deviation from one of the plotted 
ratio gives the size of corrections to hA1 (w)[1 + /3A1(w)]'. 
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Figure 5.5: The ratios R which are fitted to R = gA1 (w)(1 - mQ2 )  as a function 
of mq1 
ratio 
,.,Q-Qii \ /11 I QQ*Qf \\ 
RA1(w x) = 	1- 'A1 	
)/,1 1PA1 	LW)) 	(520) 
Q2 	h2QA1(w)/(1+f32(w)) 
= gAl(w)(1 - 2). 	 (5.21) mQ1  
The details of these fits are shown in table 5.4. The function g (w) is shown in 
figure 5.6. There is no significant deviation from gA1(w) = 0. This is astounding 
in view of the fact that the heavy quark masses in the B- and D-meson have been 
varied such that the expansion parameter Q(')  lies between 1/4 and 1/8. Thus 
both the flavour- and spin-symmetry sector of heavy-quark symmetry are being 
tested. Assuming that higher order corrections in 	do not cancel the 
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Figure 5.6: The function gA1(w). 
corrections it is therefore concluded that hA1  (w) is unaffected by O(—) correc-
tions in the range 1 < w < 1.1. For higher values of w there are, unfortunately, 
no kinematical situations allowing for a similar type of analysis. Figure 5.4 shows 
that theeffects are smaller than 5% in the range 1 < w < 1.4. It is also 
possible to detect this trend in figure 5.6 as there is a small rise in the central 
value of gAl(w)  with growing w. 
It is clear that the slope parameter p2 is determined mainly by the points close to 
	
zero recoil. Since, in this regime, g A I (w) 	0, the functions hA1 (w) are effectively 
Isgur-Wise functions. In particular, if only points with w < 1.1 are used to find 
the value of p2, this slope should be free of O(—) corrections. This is what will 
be done below. 
5.6 Light Quark Dependence of hA1 (w) 
Appendix D contains the result of the interpolations of the form factor hA1  (w) 
to the chiral limit and of the interpolations to the mass of the strange quark. 
Assuming that O(—) corrections are indeed small, these form factors are the 
Isgur-Wise functions relevant to B - D* decay and B —* D decays. The 
chiral limit is taken in the same way as for h+(w), see section 4.7. Both w and 
hA1 (w) are extrapolated independently and linearly in the bare quark masses to 
kg — lCcrit = 0.14315. The same linear fit is used to interpolate to k g  = K S  = 0.1419. 
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Pt ,c* 1 B PD* PB W x 
A 0.121 0.121 (0,0,0) (1,0,0) 1.037111  1 1.00 0 
0.125 1.16 21 0.010i1123 
0.129 1.40 -0.006 +45 t 52 
0.133 1.80 -0.022 +7  -81 
gAl(w) = 0.002j 	with 	2/dof=0/2  
B 0.121 0.129 (0,0,0) (11 010) 1.06211 1.00 0 
0.125 1.16 -0.004+18  -19 
0.129 1.40 +39 -0.062 -41 
0.133 1.80 -0 	-62 
gAl(w) = 0.075 +51 	t_with 	2/dof=0.9/2  
C 0.125 0.121 (1,010) (0,0,0) 1.049111.00 0 
0.125 1.16 -0.028+22  -20 
0.129 1.40 41 -0.005t 
0.133 1.80 -0.025  -53 
gAl(w) = 0.04711_  with _X 2/dof=1.1/2  
D 0.133 0.121 (1,0,0) (0,0,0) 1.08311 3  1.00 0 
0.125 1.16 -0.01 223 




0.133 1.80 -0.109 +67 -68 
gAl(w) = 0.0991 	with 	2 /dof=0.4/2 
Table 5.4: Power corrections to hA1 (w) for two values of w when k q = 0.14144. 
See text for definition of R and g' (w) 
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K =0.14144 
014226 - - -. 
1:1 ,c=0.14262 
0.0 
1.0 	1.1 	1.2 	1.3 	1.4 
w 
Figure 5.7: BSW fits using all heavy quark combinations at the three light quark 
masses. The fitted function is NBsw(w). 
Figure 5.7 shows the data for all mass and momentum combinations at the three 
masses of the light quark. The situation is very similar to what was found for 
the form factor h+ (w). In particular the channel hA1 ((1,0,0) —+ (1,0,0)), which 
is very close to zero recoil deteriorates towards smaller masses of the spectator 
quark so that it is more and more difficult to satisfy the condition (1) = 1. 
Fits have been performed to the BSW parametrisation to all data points at 'crit 
and i, see figure 5.8. These fits incorporate all systematic errors. They are 
therefore not the best possible determination of p2 but they can be used to study 
the light quark dependence of hA1 (w). Comparing the values of table 5.5, one 
finds a small downward trend in p2 with decreasing light quark mass; this trend 
is slightly smaller when the normalisation factor N is set to 1. These results are 
in excellent agreement with the findings for the form factor h(w), see table 4.12. 
. 
To find the best values of p2 the same procedure as for h+(w) is adopted: only the 
momentum combination (0,0,0) — (0, 1, 0)av is fitted to the BSW parametrisation 
since this respresents the best data with the smallest statistical and systematic 
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•0 thth M4++ti  
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Kq !Cu,d 
p2=O.7 	N = 0.94t 
p2=1.3tN = 1.0 
0.011111 	I 	I 	I 	I 	I 	I 






p2=1.1N = 0.98i 
p2=1.3 12  N = 1.0 
0.0 
1.0 	1.1 	1.2 	1.3 	1.4 
C1) 
Figure 5.8: BSW fits using all heavy quark combinations for a spectator quark 
whose mass is (a) zero and (b) the mass of a strange quark. The fit-functions are 
NBsw(w) and BSW(W). 
NBsw((V ) j 	BSW(W) 
!Sq 	J{_p2  I 	N x2 /dof p2 x2 /dof 
0.14144 1.2k 110/58 1.2k 110/58 
i.it 0.98k 57/38 1.3k 61/39 
0.14226 0.8t 0.96t 58/38 i.it 3 60/39 
0.14262 o.5t0.95t 35/38 	]J_1.0it 44/39 
'crit 	]f_0.711 0.94k 46/38 1.3k 65/39 
Table 5.5: Values of p2 and N from fits to all heavy quark mass combinations at 




/Ccrlt : p2=O.9t 
K s p 2=1.O 
N = 1.0 
I 	I 	 I 	I flR 
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Co 	 Co 
Figure 5.9: BSW fits using all heavy quark combinations for the momentum 
hA1 ((0,0,0) — (1,0,0)) for a spectator quark with (a) varying mass (b) the mass 
zero and the mass of the strange quark. The fit-function is Bsw(w). 
error. These data points will also be free of O(—) contaminations since they 
lie in the interval close to w = 1, where the function gA1(w)  is zero. Doing this 
one finds a rather more smooth behaviour of p2 with the light quark mass; these 
values are shown in table 5.6. Figure 5.9 shows how subtle this effect is (note the 
scale !). These values are in good agreement with those found when fitting all 
momenta. 
The spread in the central values of fits to all momentum and mass combinations 
with N both free and fixed to 1 is taken into account by the systematic error. 
The central value for p2 is taken from table 5.6 with N 1. Thus 
	
P,d 0.9t(stat.)t(syst.) 	 (5.22) 
and 
+3 
S = 1.0(stat.)(syst.) . 	 (5.23) 
For a discussion of these results I refer the reader to chapter 6. 









209±5±4 N = 1.0 
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NBsw(w) J 	Bsw@)) 
Icq II_p2 N [x2 /dof 11_p2 ]_x 2 /dof 
0.14144 1.2k [ 	1/10 O.9t 2 
	
1.1i 	0.9811 0.4/6 	1.011 3] 0.3/7 
[0.14226 1.011 .0111 0.3/6 0.811 0.4/7 
[0.14262 F0.R 5 1.0011 
3] 
0.2/6 	0.711 3 	0.2/7 
crit 	0.7k 	0.94k ]_0.2/6 [ 0.9k 0.2/7 
Table 5.6: Values of p2 and N from fits to all heavy quark mass combinations 
using the momentum combination (0, 0, 0) -f (0, 1, 0)av at the three light quark 
masses, at the mass of the strange quark and in the chiral limit. 
Figure 5.10: The Isgur-Wise function obtained from hA1 (w) for a spectator quark 
whose mass is (a) zero and (b) the mass of the strange quark. The points denoted 
by * are the best data which have been used the determine the slopes from a fit 
to BSW(W). 
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5.7 The Form Factors hA2(w)  and hA3(w) 
In this section the determination of the form factors hA2 (w) and hA3 (w) is de-
scribed. 
To extract the axial current form factors hA2 (w) and hA3 (w) the following approach 
is adopted 
The form factor hA1 (w) is fixed to its value obtained from the spatial-spatial 
A( component 	PB = 0,p,+ = 0). 
A maximum of the available equations A' is used. Only components which 
are numerically very noisy are discarded. In practice this means that for 
PP = (0,0,0) the three components A(p 	O,p+ 	0), A° and A° are 
fitted, with correlations between timeslices and across components taken 
into account. 
For= (1, 0, 0) the cases Z'= 1 and i = 2, 3 need to be treated differently. 
For p* = (0, 0, 0) only the components 	and A°' contribute. For PD* = 
(1, 0, 0) and PD* = (-1, 0, 0) there are four additional components of which 
three are used : All, A01 and A'°. The temporal-temporal component A°° 
is very noisy and has next-to vanishing kinematical factors for hA2 () and 
hA3 (w); it is therefore not used. Indeed, for PD* = ( 1,0,0) all kinematical 
factors for hA2 (w) and hA3 (w) are small so that the form factors for this 
momentum combination cannot be determined. 
For the momentum combination D. = (0, 1, 0) the situation is more com-
plicated since a total of 7 additional components can be used. It is clear 
from section 4.3 that temporal and spatial components can have very dif-
ferent discretisation errors : using all available components therefore results 
in high x2/dof. The results of these fits are nevertheless shown (only A°° 
is excluded as it is very noisy) since there is a priori no good argument 
for eliminating any particular component. The x2/dof are slightly better 
when using a block-diagonal covariance matrix or when performing an un-
correlated fit. However, the values for hA2 (w) and hA3 (w) remain practically 
unchanged. Better x2/dof of 1-2 are obtained when using only 4 or 5 of the 
available components. The values for hA3 (w) are not very strongly affected 
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but hA2 (w) starts to fluctuate quite strongly. Within la however all values 
are consistent. 
Eq. (5.4) shows that the coefficients of hA2 (w) and hA3 (w) are proportional to the 
square of the four-momenta involved. Since -- X 0(10) the matrix elements 
are practically saturated by the contribution of hA1  (w) and one cannot expect 
to determine hA23 to very high accuracy unless the matrix elements have been 
obtained with incredibly good statistics. 
In figure 5.11 I show an example of a multi-plateau for the matrix element with 
momentapB = (1, 0, 0) and D* = (0, 0, 0). The first component, A22 is not refitted: 
<B1A221D> 	<BIA'110> 
A 
P. = (1.01 0)-->p0. = (0010) 
KB 	KD'  = 0.121 
V • Cq = 0.14144 
—X2/dof= 3.2 / 8 
<BA° D> 
21 ?I 1t IF•3 	21 
I 	I 	I 
timeslices 
Figure 5.11: Examples of matrix elements with different Lorentz indices used to 
extract the form factors hA2 (w) and hA3 (w). 
it is the matrix element which was used to determine hA1 (w). For this particular 
momentum only, two additional components are available to determine hA2 (w) and 
hA3 (w). These two components can be fitted with very low x2/dof,  holding hA1 (w) 
fixed to its value from the component A22, with correlations between timeslices 
and equations taken into account. They exhibit clear plateaus around t = 11. 
This plot shows that the problem in determining hA2 (w) and hA3 (w) does not 
result from poor data for their matrix elements but rather it is due to this being 
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2 
 
P 	> PD 
(0,0,0) ---> (0,1,0) 	o 
(1,0,0) --> (0,0,0) : 0 
(1,0,0) --> (-1,0,0) 0 
(1,0,0) --> (0,1,0) 0 
+ 





1.1 	 1.2 	1.3 	1.4 
C,) 
Figure 5.12: The form factors hA2(w) and hA3(w) at n = 0.14144. Different 
(1+/3A2 (W)) 	(1+/3A3(w)) 	q 
momenta are distinguished by the symbols shown on the right. 
an 0(p2) effect. Explicitly, the equations for this momentum are 




= J(mBmD*)(w+l)hA1 (w) + 	 (pb)2hA2(w), 
1 	1 A°' = 
	
	 PB['A2@.)EB + hA3 (w)ED] 	 (5.24) 
\/(rnBrnD*) 
Since the first two matrix elements are very nearly equal these equations are very 
badly conditioned to determine hA2 (w) : although the matrix element is no worse 
than the one used to determine hA1 (w) to very high accuracy, it is not good enough 
to find hA2 (w). 
In figure 5.12 all heavy-quark mass combinations for both form factors are plotted 
at 1q = 0.14144. Different momenta have been given different symbols. They will 
be affected not only by the statistical fluctuations that have been observed in 
the calculation of the other form factors but also by different systematic effects 
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depending on how many components have been used to extract them. 
Since the data is affected by potentially large systematic errors it is difficult to 
draw decisive conclusions. The form factor hA2 (w) is consistent with 0, as pre-
dicted by HQS for the scaling regime. There is however a trend to hA2 (w) < 0. 
The momentum combination (1,0,0) —* (0, 0, 0) warrants special examination 
it seems to indicate larger -i-- corrections. This can be due to two problems. 
MQ 
Firstly, as I have shown in the above example, the form factors for this mo-
mentum are extracted from two equations with a matrix which is very close to 
being singular. Secondly, this particular momentum channel has been seen be-
fore to deviate somewhat from determinations of all form factors at equivalent 
or close w using the momentum (0, 0, 0) —p (1, 0, 0). The form factors using 
the momentum (0, 0, 0) —* (1, 0, 0) are obtained from the average of six momenta, 
= ((+1,0,0), (0, +1,0), (0, 0, +1)), whereas the form factor from pB = (1,0,0) 
explores only the x-direction. The 1 — 2cr discrepancy between the two are there-
fore interpreted as being due to the different statistical ensembles they have been 
obtained from. Since the momentum combination (0, 0,0) — (1,0,0) is obtained 
from a larger set of momenta it is likely to yield a better value of hA2 (w) and 
hA3 (w). The form factor hA3 (w), which in the infinite quark-mass limit is an 
Isgur-Wise function, shows a small decrease with increasing W. From figure 5.12 
I conclude that it is not possible to extract information from this lattice calcu-
lation on the physical form factors hA2 (w) and hA3 (w). Results presented below 
on the size of O(_i_)  corrections are to be taken as bounds and not as absolute rnQ  
values. Some methods will be presented for extracting subleading form factors. 
No attempt will be made to study the light-quark dependence; in particular, I 
will always work at the heaviest mass of the anti-quark, tcc = 0.14144, a chiral 
extrapolation will not be performed. 
To evaluate the size of the --- corrections the radiatively corrected ratios hA2(w) mq 	 hA1 (w) 
and hA(w) 	 i 	 . 	 i 
hA1(w) 
are plotted n figure 5.13. Since hA1  (') has vanishing 	corrections, 
one has 
hA2 (w) ri + /3A1 (w)1 
= 'yA2 (W) 	 (5.25) 
hA1() Li + 
hA3(w) ri +#A, (W) — 
l+yA3(W) . 	 (5.26) 
hA1 (w) [ 1 +A3 (W) — 
	









1.0 	1.1 	1.2 	1.3 	1.4 
hA2(w) 
/ 
hA1(w) 	and 	hA3 (w) , h4 (w) 	at Figure 5.13: 	The ratios 	(1+/3A1()) (1+13A3(w)) / (1+13A1(w)) 
Kg  = 0.14144. 
The interesting feature is that -YA2  and -YA,, have opposite signs 
YA3 > 0, 	 (5.27) 
7A2 < 0. 	 (5.28) 
The data is too noisy to detect any significant dependence of the - corrections 
MQ 
on the velocity transfer. 
In figure 5.14 the ratio 
hA3 (w) + !iQhA (w) 2 
hA1 (w) 
(5.29) 
is plotted as a function of w. Radiative corrections have been applied and are found 
to be negligible. Recall from chapter 1 that this ratio relates the form factor 
arising in the expression for the decay rate of B —* D*117 to the form factor of the 
Isgur-Wise function p. As in figure 5.12 different momenta have been assigned 
different symbols. Were it not for some wild fluctuations for the values of R2  
obtained from the momentum (1,0,0) —+ (0,0,0) (given by the octagons) this 
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PB 	> PD 
(0,0,0) --> (0,1,0) 	0 
(1,0,0) --> (0,0,0) 	0 
(1,0,0) --> (-1,0,0) : o 
(1,0,0) --> (0,1,0) 	0 
+ 
Figure 5.14: The ratio R2(w) at icq = 0.14144. 
result could be taken as evidence for the relation R2(1) = 1 which corresponds to 
the exact heavy quark limit. 
In figure 5.15 I show a subset of the values of R2(w) for fixed mass of the b quark 
and four values of the c quark. The errors for R2 for this data are very small due 
to the cancellations in the ratio of form factors. The systematic error is therefore 
even more pronounced in figure 5.15 and the discrepancy of the values of R2(w) 
close to w = 1 is not reconcilable. I have presented some possible explanations as 
to why this momentum combination does not allow for a precise determination of 
hA2 (w) and hA3 (w). It is most likely that R2 is strongly affected by lattice artefacts 
and the systematic errors due to different O(am) effects of the components A'' 
that are used to extract form factors with different momenta. It is therefore not 
possible to present any definitive conclusions on this quantity and its dependence 
on w. However, it is most likely that 
R2(w) < 1. 	 (5.30) 
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Figure 5.15: The ratio R2(W)for PCQ = 0.121 and four values of ,' at /cq = 0.14144. 
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5.8 Vector Current 
In this section the vector form factor relevant to B -p D*1i7 decay is extracted. 
The Minkowski matrix element is parametrised in terms of the single function 
hv(w) as follows 
(DV'.) = ihv(w)EEvvc,. . 	 (5.31) 
Defining 
V := 	(D*VB) 	 (5.32) 
r 
and performing the sum over polarisations one finds 
V 	2imBmD*hv(w) 
7.  
- 	ihv(w) V3 ApAu (5.33) 
- \/mBmD* 
where I have converted back to a mass-dependent normalisation. Summing over 
a = 0, 1 - only the correlator for p = (0, 0, 0) and (1,0,0) is calculated - gives a 
set of relations 
V 23 = _32 	ihv(w) {Pb*EB_ED*Pb}, /mBmD* 
V 12 = —V21 = ihv(w) P J EB, 	 (5.34) 
s.JmB mD* 
V31 
 = —V13 = ihv(w) 
/mBmD * 
Forp = (0, 0, 0) all components are averaged whereas for p = (1, 0, 0) the 
first equation and the two lower equations are fitted simultaneously with the 
correlations between equations and time-slices taken into account. 
Since the forward matrix element, v = v' = 0, vanishes, the lattice form factors 
hr() are normalised using the form factor h(1) 
L 
hv(w) = h(i) (1+ +(l)). 	 (5.35) 
Figure 5.16 shows the results of these fits at the heaviest mass of the light spectator 
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quark for all heavy-quark and momentum combinations. The plateaus in these 
fits are far less pronounced than the ones for h+ (Lo) and hA1 (w); different momenta 
need to be fitted on different plateaus, [(10, 11, 12); (11, 12,13); (12, 13, 14)]. The 
statistical errors for the values of hv(w) are fairly large this can be due partly 
to the fact that the matrix element is proportional to v2 and partly to the fact 
that one cannot achieve too good a cancellation in the errors by normalising with 
a different form factor. 
Clearly, hv(w) is not an Isgur-Wise function : there are large - corrections. 
MQ 
For comparison, the form-factor i)'  which was shown to have vanishing 
corrections proportional to -, is plotted as is the deviation of the ratio of both 
MQ 
form factors from unity 
hv(w) (1 + PA, (w)) 
-1= R1 
 ()' +/3A1(w)) 1 
	(5.36) 
hA1 (w) (1 +i9 (w)) 	 (1+v(w)) 
(5.37) 
where, in the last line, I have assumed that 	(w) = 0 for all w. The plot shows 
that the ratio 	 is bigger than 1 by 10 to 30 %. Note that figure 
5.16 shows all data at Icq = 0.14144 regardless of the initial and final heavy quark 
masses although there may be different O(—) corrections within the data-set. 
MQ 
However, since the errors are slightly larger compared to those of hA1 (w). I shall 
make no attempt at finding the exact mass dependence of the function 'yv(w). The 
deviation of the radiatively corrected Ri(w) from 1 exhibits a linear behaviour in 
w with a small positive slope. The discontinuity at around w = 1.2 is interpreted 
as a statistical fluctuation; indeed, this function is smoothed out for the data at 
lighter masses of the spectator quark. 
In eq. (5.36) the perturbative symmetry-breaking corrections have been explicitly 
factored out. Equivalently (see chapter 1) one can write 
Ri(w) = Fi (w)(1 + 
2c 	2Eb 
+ 	[1 - 2F2(w)i7(w)]), 	(5.38) 
w+1 w+1 
where the perturbative functions F1 and F2 can be found in chapter 1. Both 
the QCD and the 	corrections are positive, so that the deviations from 1 are 
expected to be large. To determine a value of R1 at w = 1 1 perform a fit to all 
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data points hv(w)  to the function NBSW where (1+/3v()) 
R1(1)= 	=N 
hv(1) 	11 +,3v(')]  (5.39) 
	
hA1 (1) [1 +/3A(1)] 
This fit, for ,j = 0.14144 is shown in figure 5.17. I find a normalisation of 
N = 1.3(3); to convert this value to a prediction for R1(1), N is multiplied by 
the radiative factors
[ 	
which leads to a value of R1(1) = 1.4(3). This is in 
1+PA1  (1)] 
good agreement with the experimental determination of the CLEO collaboration, 
R1(1) = 1.3(3) and also with QCD sum rule calculations, R1(1) = 1.3(1). 
Studying the light quark dependence of the form factor hv(w) and the ratio Ri(w) 
proves difficult as the data becomes a lot noisier towards lighter spectator quark 
1 	1 masses. Performing BSW fits to hv(w) one finds a downward trend in the 
normalisation N. This is also true of R1 (w) (('(I  —1 whose chirally extrapolated 
values are shown in figure 5.18. This seems to indicate values of R1(1) which are 
rather closer to the heavy quark limit, R1(1) = 1 than the one found above. 
However the data close to w = 1 are very unclear as to whether the ratio tends 














N = 1.3(3) 
0.0 
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Figure 5.17: A BSW fit to the data (()) at kq 0.14144 for all heavy quark 
masses and momentum combinations. 
only use the chirally extrapolated data to correct the value of R1(1) found at 
!'C q = 0.14144 to a marginally lower value 
R1(1) = 1.3 + 3 	 (5.40) 
The 	corrections to R1 depend solely on the subleading form factor ii(w), the 
Mb 
functions Xi(W), due to insertions of higher order operators in the heavy quark lines 
do not appear. This allows one, in principle, to extract i(w), once the parameter 
A is fixed. Following the discussion of section 4.6, I set A4144 	0.63 GeV. The 
resulting values for i(w) are shown in figure 5.19. Unfortunately, the result is not 
very clear as there are large fluctuations in i(w) for values of w which are close. 
One can only put very mild bounds on (w) 
0 <17(w) < 1. 	 (5.41) 
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Figure 5.18: The R1(w)(1A1( 	— 1 at a massless spectator quark and at a 
(1+/3v(w)) 
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Figure 5.19: The subleading form factor i(w) at /cq = 0.14144. 
Chapter 6 
Discussion and Phenomenological Applications 
In this chapter the results of chapters 4 and 5 are summarised. In section 6.2 
the element Vcb of the quark-mixing matrix is determined in a model-independent 
fashion using the lattice value of the slope of the Isgur-Wise function. The results 
are compared to those of other authors. 
6.1 Slope of the Isgur-Wise Function 
In chapters 4 and 5 the two form factors h+ (w) and hA1  (w) were tested for heavy 
quark symmetry violations. Unfortunately, this was only possible in the velocity 
interval 1 < w < 1.1 where 	effects for both form factors are expected to be 
small due to Luke's Theorem. This theorem states that violations to the heavy 
quark symmetry limit to the radiatively corrected form factors h(w) and hA1 (w) 
are of O(-) only at w = 1. Neither of the two form factors exhibited any 
corrections in the regime w < 1.1. Simple tests indicate that these effects remain 
small over the whole velocity interval 1 < w < 1.4. Fits to the BSW function 
showed no variation in the slope factors when fitting data of different initial or 
final heavy quark masses. However, the ratio 	shows a small upward trend 
and is consistent with O() corrections as large as 4% at w = 1.4. 
MQ 
Both form factors were used independently to extract the slope of the Isgur-Wise 
function at zero recoil. Only data with w < 1.1 was used. To minimise the 
systematic error the momentum combination PB = 0 - 	= (0, 1, 0)av was 
fitted, where the final momentum is the average of six momenta. In these fits, the 
values of the form factors at zero recoil was fixed to 1. Correlations between the 
data was not taken into account. In the chiral limit the two determinations yield 
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Figure 6.1: Determinations of the slope of the Isgur-Wise function using correlated 
least- 2-fits from data obtained for the form factors h+(w) and hA1 (W). 
the slopes 
P,d = 1.2 ii(stat.)i1i(syst.) for h+(w) (6.1)  
, = 0.9t(stat)i(sst)  i 	.i for hA1 (w)Pd (6.2) 
The statistical error can be further reduced by performing correlated fits : reas-
suringly these fits bring the two values of p2 even closer. One finds 
P,d = 1.0t(stat.) for 	h+(w), (6.3) 
P,d = 1.1t(stat.) for 	hA1 (w), (6.4) 
and these two fits are shown in figure 6.1. The correlations in the data are high; 
this can lead to rather peculiar effects [123] which is why I have chosen to exclude 
correlations when fitting the form factors to different functions of W in chapters 4 
and 5. It is possible that one such effect of high correlations can be seen in figure 
6.1 : although none of the data for hA1 (w) lies below h() fitting hA1  (w) leads 
to the smaller slope. In this case the effect is fairly small as both values of p2 of 
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Figure 6.2: The combined data for the form factors hA1  (w) and h(w) and the best 
fit to the function Bsw(w) using the points denoted by *. The systematic error 
encompasses the slopes obtained from fits to all data points to the two functions 
Bsw(w) and NBsw(w). 
the correlated fit are consistent with those of the uncorrelated fit. 
Figure 6.2 shows the combined data for hA1 (w) and h(w) for all heavy quark 
masses in the chiral limit. I have combined the above fit results of eq. (6.3) to 
find a value 
P,d = 1.Ot(stat.)t(syst.). 	 (6.5) 
Other parametrisations yield values which are consistent with eq. (6.5). 
In table 6.1 I compare the lattice result of this work with those of other authors. 
There is only one other lattice value available to date [120] which is obtained 
working with a mass of the light anti-quark of around the strange mass. This 
value should therefore be compared to the value of p  which I present below. 
The value of p2 of this work is safely above the lower bound of Bjorken [38] and 
below any of the upper bounds obtained by various authors. 
The light quark behaviour of the Isgur-Wise function was also studied. Interpola- 
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Reference — d(1) 
This work (TJKQCD) i.ot 	(stat)t 	( syst) 
Bernard, Shen and Soni[120] 1.24(26)(stat.)(26)(syst.) 
de Rafael and Taron[48] p2 < 1.42 
Close and Wambach[137] 1.35 +O((w - 1) 2 ) 
Neubert[1] 0.66(5) 
Voloshin [45] 1.4(3) 
Bjorken[38] p2 > 0.25 
Blok and Shifman[47] 0.35 <p2 < 1.15 
Hogaasen and Sadzikowski[133] 0.98 
Rosner[136] 1.59(43) 
Burdman[43] 1.08(10) 
Dai, Huang and Jin[138] 1.05(20) 
Table 6.1: Comparion of this lattice result for —d(1)  to the theoretical predic-
tions of various authors. 
tions in the light quark mass of the data yield the value of the Isgur-Wise function 
at the mass of the strange quark. The same strategy is adopted to find the central 
values and errors as in the chiral limit. The two values obtained from independent 
fits to hA1 (w) and h+ (w), 
PS = 1.2(stat.) for h(w), 	 (6.6) 
PS = 1.0t(stat.) for hA1 (w), 	 (6.7) 
are combined to give 
1.1t(stat.)t(syst.). 	 (6.8) 
The best fits and the complete data set are shown in figure 6.3. 
Comparing the values of p2 in the chiral limit and at the strange mass one finds 
a slight decrease of the slope parameter with decreasing light anti-quark mass. 
The light quark dependence is however rather weak and consistent with an Isgur-
Wise function which is independent of the mass of the light spectator quark. 
The behaviour found here is in agreement with the calculations of ref. [133] and 
ref. [137]. The first calculation is based on an improved bag model and is an 
extension of earlier work by the authors of ref. [134]. The authors of ref. [137] 
have analysed the form factors in an improved ISGW quark-model and find values 
which are also close to the QCD sum rule result of ref. [1]. It is noted however 
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Figure 6.3: The combined data for the form factors hA1 (w) and h+ (w) and the 
best fit to the function Bsw(w) using only the momentum (1, 0,0) - (0,0,0) 
fitted to 6SW(W) at the mass of the strange spectator quark. 
that a contradicting result is obtained in Chiral Perturbation Theory [139]. 
6.2 Extraction of Vb 
In chapter 11 showed how data of the decay rate B --> D*1i7 can be used to extract 
the CKM matrix element Vb once the slope of the Isgur-Wise function and the 
--- corrections are known. Schematically: 
Dl ) = 
	22(w) [i + 4w 1-2wr+r2  
w + 1 (1 - r)2 
 ] Vb2, 
dw 	
(6.9) 
where /C are known factors, 77 2j  are the known radiative corrections at w = 1 and 
(w) is related to the form factor hA1 (w) through 
[2(1_2wT+72) [1 + TR(w)]  + [1 - 	- R2(w))]2] hA1 (w) 2  2(w) = L 	(1_r)2 	(w+1) 1  
1+ 
4w (1-2wr+r2)] 	 2 
(w+1) (1_ r )2 i 
(6.10) 
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The slope of is related to the slope of the Isgur-Wise function via eq. (1.96) 
p2 - [R(1) - 	
1 	MB 	
- [I -R2(1)] + (0.21 + 0.02) + 
3 mB — MD- mq 
In the previous section a precise value of the slope of the Isgur-Wise function 
p2 has been determined and it was also found that the O(_i)  corrections are 
7ThQ 
negligible. In chapter 5 the ratio R1(1) was determined: 
R1(1) = 1.3 + 0.3, 	 (6.11) 
which agrees well with the experimental value from CLEO [70] and predictions 
from QCD sum rules [1]. However, it was not possible to extract the ratio R2(1). 
I shall therefore use the experimental result obtained by the CLEO-collaboration: 
R2(1) = 0.6 + 0.3 	CLEO [70], 	 (6.12) 
to predict 
= p2 - 0.1 + 0.1. 	 (6.13) 
The uncertainty in this result is due to that of the values of R2(1) and R1(1). 
This result can now be used in conjunction with the lattice value of p2 and the 
measurements of (B 	Dli ) to calculate the product Vb(1) = Vb[1  + dw 
O(---)]. Although one can expect the corrections of order --- to be small since 
the calculation has shown that corrections at order 	are negligible, this issue 
M Q 
could not be resolved by the lattice simulation. This is partly due to the fact that 
the lattice currents need to be related to the continuum MS currents through 
renormalisation constants whose calculation introduces an error of O(---) at w = 
7Th q 
1. However, for the case of elastic scattering, current conservation implies that 
these corrections vanish to all orders in --- at zero recoil. Since I have not seen a 
IThQ 
different behaviour of the elastic and inelastic scattering when extracting values 
of p2, the O(-) are predicted to be negligible. I therefore set 
Vb(1) = 	 (6.14) 
As there is some consensus [76] that the O(-) corrections are negative, the 
extracted values of I Vb I can be regarded as lower bounds. 







1.0 	1.2 	1.4 	1.6 
C', 
Figure 6.4: Data of the decay rate B —* D*117 obtained by the CLEO Collabora-
tion. The diamonds represent the most recent data of ref. [71, 721 and the + are 
the data previously presented by CLEO (taken from ref. [1401). 
In figure 6.4 I show a plot of a very recent measurement [71, 72]1 of the decay 
rate 	(E 	DlV ) with the previous results of the same collaboration [140]. 
The plot gives an indication of the improvement which has been achieved in the 
measurement of the decay rate. Unfortunately, the most recent data has not been 
made available. To determine Vcb I shall therefore use data obtained by the CLEO 
and ARGUS collaborations which was compiled in ref. [140]. 
To start I perform two-parameter fits of the experimental data to the parametri-
sations VbBsw(w) and Vb1j(w). The two parameters are 
32  and Vcb and 
the results for these parameters are summarized in table 6.2. Using the BSW 
parametrisation yields a rather high value of 2  for the ARGUS data. I note 
however that much improved data has been presented in ref. [46]. 
Next I turn to determinations of Vb combining the experimental data with the 
lattice results of this thesis. In figure 6.5 I show least- 2-fits to the experimental 
1J have taken the liberty of reading off the data from figure 12 in ref. [72]. These new data 
points are therefore not exact. 
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Table 6.2: Results for IVbl  and the slope parameter ,2  from a fit of VbBsw(w) 
and I Vbli(w) to experimental data. The experimental data are obtained from 
the differential branching ratio for B -+ D*11  decays assuming a B meson life-
time of 1.63ps [74]. The quoted errors are simple gaussian x2-errors and do not 
include systematics. They must therefore not be taken too seriously. The data 
have been compiled by [140]. These values should be compared with the val-
ues obtained recently in references [46, 72, 73] which I have presented on page 
31. Out of curiosity I note that performing similar fits to the new CLEO data 
[72] I find values of = 1.2(1), VCbBSW = 0.0348(10) and L = 0.8(1) and 
Vcbiin  I = 0.0334(10). These values compare rather well with those obtained with 
a more sophisticated fitting procedure by the CLEO collaboration. 
Experiment It x 2/d.o.f. 
ARGUS 
CLEO II 
0.033(2) + 2+ 3+ 1 _ 2- 2- 1 
0.036(1) 	1± 4± 1 - 2- 2- 1 
9.6/7 
2.7/5 
Table 6.3: Results for I Vbl from a fit of VbBsw(w) to experimental data with 
Bsw(w) fixed by the lattice computation. The experimental data are obtained 
from the differential branching ratio for B - D*1i7 decays assuming a B meson 
lifetime of 1.63ps [74]. In the IVbl column, the first set of errors is due to exper-
imental uncertainties, the second set of errors results from the lattice statistical 
errors on p32,  the third, from the lattice systematic errors on 2  and the last from 
the uncertainty in the values of R12(1). 
data for Vb,d(w) where the only parameter is V,±t. The slope 2  is obtained 
from the lattice value of the slope of the Isgur-Wise function, eq. (6.5), P,d = 
1.0t(stat.)i(syst.), and eq. (6.13) to find 
p2 = 0.9t (stat.)t (syst.)t (Ri,2 ), 	 (6.15) 
where the last uncertainty is due to the errors of R1(1) and R2(1). The B meson 
lifetime is taken to be 1.63 ps [74]. The results of these fits are summarized in 
table 6.3. 
The values of Vb obtained using the lattice value of are comparably low to the 
Vb values obtained from two-parameter fits to the experimental data. Comparing 
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Figure 6.5: Determination of Vb combining CLEO data and the lattice result of 
these results to the most recent world average of Vcb = 0.040 + 0.003 [76] is 
difficult since the data have improved rather drastically. I will therefore only 
point out the differences in the procedure I have adopted to extract a value of 
Vcb, to the procedure of ref. [76]. Firstly, I have set thecorrections to 
zero at w = 1 whereas ref. [76] assumes these corrections to be (-5.5 + 2.5)%. 
Including such a correction factor would, for example, increase the CLEO II value 
to VCb,LAT  =0.038(4). Another difference may be found in the different choice of 
function used to extrapolate the decay rate data. The results of table 6.3 have 
been obtained using the BSW function whereas ref. [76] performs linear fits and 
adds a value of 0.001 + 0.001 to the Vb obtained in this way. 
6.3 Summary 
I have presented a lattice QCD calculation of the matrix elements of the semi-
leptonic decays B —* D117 and B — D*1i7 . The simulation was performed in 
the quenched approximation on a sample size of 60 gauge configurations at three 
values of the light quark and four values of the initial and final heavy quark masses. 
To reduce lattice artefacts proportional to the lattice spacing a an 0(a) improved 
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action proposed by Sheikholeslami and Wohlert was used. 
The six form factors relevant to the decays B -* D117 and B -* D*IFI have been ex-
tracted. Clean signals enabled a precise determination of the form factors hA1 (w) 
and h+(w). Remaining lattice artefacts were investigated in a calculation of the 
renormalisation constant Zv which relates the lattice current to its M3 equiva-
lent. For the time component of the matrix element these effects are found to be 
relatively well under control, however, there is a rather large discrepancy, of the 
order of 15%, between the temporal and spatial components. 
The data for h+ (w) and hA1(w)  were fitted to several functions and it was found 
that the BSW parametrisation describes the w-dependence of the data well. The 
large range of quark masses at which the calculation was performed allowed a 
detailed study of the heavy-quark dependence of the form factors. It was found 
that O(—) corrections are completely negligible in the range 1 < w < 1.1. Thus, 
M Q  
the form factors are effectively Isgur-Wise functions and they were used to extract 
the slope parameter p2. 
Extrapolations to the chiral limit, in which the spectator anti-quark is mass-
less, and interpolations to the strange quark mass were performed for h+(w) and 
hA1  (w). The light quark dependence of the Isgur-Wise function was found to be 
weak with a slight decrease of the slope with decreasing light quark mass. 
The calculation of h_(w), hA2 (w), hA3 (w) and h(w) proved more difficult. This 
is due in part to difficulties with the lattice normalisation procedure and errors 
proportional to the lattice spacing. The functions hA2 (w) and hA3 (w) are difficult 
to extract as the terms in the matrix elements proportional to hA2 (w) and hA3 (w) 
are very small compared to the hA1 (w) term. Ratios of form factors have been 
analysed in which several sub-leading form factors cancel. Even though these 
quantities suffer from large statistical and systematic uncertainties, the methods 
developed should prove useful when better statistics are available. 
Finally, the obtained lattice values were used to calculate the slope parameter 
relevant for an extraction of the CKM matrix element Vb . Combining experi-
mental data for the decay rate of B -* D*ICI with this number a value of Vb was 
obtained. 
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6.4 Conclusion 
The calculation of three-point functions on the lattice in heavy quark physics is a 
relatively young field. In this thesis, I have demonstrated the feasibility and the 
usefulness of such calculations. For several quantities with small systematic errors 
model-independent predictions have been presented, adding useful information to 
the predictions of HQET which are limited to the kinematical endpoint w = 1. 
Possibly the most surprising result is that the form factors h(w) and hA1 (w) 
are found to be independent of the heavy and initial quark masses at which the 
simulation was performed. Thus, the heavy quark limit is reached at quark masses 
around that of the charm. This allows for an extraction of the slope of the Isgur-
Wise function with rather small uncertainties. This slope factor, p2, is often used 
to extract the CKM matrix element Vb . There are, however, corrections which 
need to be taken into account. These corrections are due to contributions of three 
other form factors, hA23 and h, contributing to the matrix elements B -p D*1i7 
The lattice calculation of these form factors has proven to be very difficult as these 
form factors are kinematically suppresed and susceptible to errors proportional to 
the lattice spacing. This is also true for the extraction of subleading form factors 
contributing at 	to the matrix elements. Although higher statistics will 
certainly improve on the results presented here it seems questionable whether these 
quantities can be reliably extracted using the discretised action of Sheikholeslami 
and Wohiert. It is possible that other actions, such as a discretised version of the 
NRQCD action, will prove more successful in this mass regime. 
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Two point Functions 
Pseudoscalar Meson 
Table A.4: Wavefunction factors, Z 2, and energies, Ep for the heavy-light, pseu-
doscalar mesons and for two values of momentum, 1pl. The energies are quoted 
in lattice units (a' 	2.7GeV [127]). The x2/d.o.f. for the fits which give these 
results are all on the order of 1. The fitting range is 11 < t < 23. 
nq = 0.14144  
0.121 0.125 0.129 0.133 
1PI  
Z2  Ep __ Ep Z2  Ep __ Z2  __ Z 2  Ep 
0 18.011 0.92411 6.411 0.82311 14.5 1 0.71 611 12.5 11 0.600	2 2 
7r/12a 12.5k O.959 ll.5 0.862k l0.4 0.760k 9.1+ ' 0.654k 3 3  -4 -3 
K q  = 0.14226  
IcQ 0.121 0.125 0.129 0.133 
Ep 1PI
Z2  Ep  Ep Ep  
0 15.51 6 0.901+ 14.211 0.80 0 k 12.8k 0.69311 11.011 0 .576 +3  _ 6 . 	3 
ir/12a 10.6k 0.938k 9.8k 0.841k 8.9+ 0.740 k  7.8 0.632k 3 4 53 . 4 3 
K q = 0.14262  
PCQ 0.121 0.125 0.129 0.133 
1PI  Ep Ep Z 2 
 Ep E 
0 14.7k 8 0.892 k 13.5k 0.791k 12.1k 0.68311 10.4k 0 .566 +3 -5 





Table A.5: Wavefunction factors, Z 2, and energies, E1, for the heavy-light, vector 
mesons and for two values of momentum, 1pl. For details see section 5.4. The 
energies are quoted in lattice units (a' 	2.7GeV [127]). The x2/d.o.f . for the fits 
which give these results are all on the order of 1. The fitting range is 11 < t < 23. 
/cq = 0.14144  
0.121 0.125 0.129 0.133 
1PI  



















ICq  = 0.14226  
0.121 0.125 0.129 0.133 
1PI  



















tCq = 0.14262  
/CQ 0.121 0.125 0.129 0.133 
Z2 Ep  __ Ep __ Z2 Ep Z2  E 
0 
ir/12a 
20 +1.3 .9 
14.9+1 















Heavy Quark Masses 
Table A.6: Physical heavy-quark masses corresponding to different values the 
heavy-quark hopping parameter ic. They are obtained from the correspond-
ing chirally-extrapolated pseudoscalar and vector meson masses as described in 
section 4.4.1. For completeness I also tabulate the chirally-extrapolated meson 
masses in lattice units (a 1 	2.7 GeV [127] ). These masses were obtained by 
linear extrapolation of the masses mp and my obtained with the three values of 
the light antiquark hopping 'q = 0.14144,0.14226, 0.14262. The x2/dof for the 
chiral extrapolations are all on the order of 1. The meson masses were computed 
as described in section 5.4 and are listed above. All two-point functions are fitted 
on the range 11 < t < 23. 
tCQ m m?, mq [GeV] 
0.121 0.875t 0.895k  1.90 
0.125 0.774t 0.797t 1 .64 
0.129 0.666t 0.695i 1.36 






Table B.7: The radiative corrections /3(w) for the form factor h(w) calculated 
according to Neubert's short-distance expansion [19]. For details see section 4.4.1. 
w 
1.0 1.1 1.2 1.3 1.4 
0.121 - 0.121 0 -0.0245 -0.0472 -0.0683 -0.0881 
0.121 -* 0.125 0.0166 -0.0075 -0.0301 -0.0511 -0.0709 
0.121 -* 0.129 0.0372 0.0129 -0.0092 -0.0302 -0.0499 
0.121 -* 0.133 0.0632 0.0401 0.0183 -0.0022 -0.0217 
0.125 -* 0.125 0 -0.0234 -0.0452 -0.0654 -0.0845 
0.125 -* 0.129 0.0240 0.0010 -0.0205 -0.0407 -0.0597 
0.125 -* 0.133 0.0548 0.0325 0.0115 -0.0084 -0.0273 
0.129 -* 0.129 0 -0.0219 -0.0423 -0.0614 -0.0793 
0.129 -* 0.133 0.0386 0.0174 -0.0026 -0.0215 -0.0394 




Table B.8: The radiative corrections /3A1  for the form factor hA1 (w) calculated 
according to Neubert's short-distance expansion [19]. For details see section 4.4.1. 
w 
_* IcQI 1.0 1.1 1.2 1.3 1.4 
0.121 - 0.121 -0.0424 -0.0682 -0.0922 -0.1146 -0.1356 
0.121 - 0.125 -0.0305 -0.0484 -0.0651 -0.0808 -0.0956 
0.121 - 0.129 -0.0153 -0.0311 -0.0459 -0.0599 -0.0730 
0.121 -* 0.133 0.0022 -0.0108 -0.0231 -0.0347 -0.0456 
0.125 -* 0.125 -0.0453 -0.0702 -0.0934 -0.1151 -0.1354 
0.125 -+ 0.129 -0.0274 -0.0431 -0.0580 -0.0719 -0.0850 
0.125 - 0.133 -0.0059 -0.0185 -0.0305 -0.0417 -0.0524 
0.129 - 0.129 -0.0498 -0.0734 -0.0955 -0.1162 -0.1357 
0.129 -* 0.133 -0.0209 -0.0332 -0.0449 -0.0559 -0.0664 





Pseudoscalar -* Pseudoscalar 
C.1 h+(w) and h_(w) at fixed light quark mass. 
This appendix lists all values of the form factors h(w) and h_(w) of the decay 
B - DIP . For details of the fitting method see section 4. 
In the following tables I use the notation 
h(w) 	the value of the lattice form factor as defined by eq. (4.12). No 
radiative corrections have been applied. 
h+(w)rc 
= hL(w) 	11)  This is the radiatively corrected and normalised 
1++(w) 
X  h(1) 
physical form factor. 





= 2100 	*rQ , = 2100, 	k q = 4144  
p p' w h(w) h+ (w) x2/dof h_(w) x 2/dof 
(0,0,0) (0,0,0) i.000t i.00t i.00t 1.1/2 0.0011 0/ 0 
(0,0,0) (1,0,0) 1.037+' 0.95 0.9611 3.3/2 -0.0911 21/ 5 
(1,0,0) (0,0,0) 1.03711 0.9011 0.9111 	0 .98/2 0.0411 2/ 5 
(1,0,0) (1,0,0) 0.99611 0.9711 	0.9711 0 .52/2 0.0011 0/0  
(1,0,0) (-1,0,0) 1.15711 0.7911 0.8211 2.1/2 -O.00II 3.7/5 
(1,0,0) (0,1,0) 1.07611 0.8611 	0.8811 0.41/2 0.0011 16/8 
ISQ = 2100 _+ 	= 2500, 	k q = 4144  
p p' w h(w) h+ (w)" x 2/dof h_(w) x 2/dof 
(0,0,0) (0,0,0) 1.000111.0111 .00110.79/2 0.00k  0/0 
(0,0,0) (1,0,0) 1.047110.9511 0.9511 3.5/2 -0.0511 20/ 5 
(1,0,0) (0,0,0) 1.03711 0.9211 0.9211 0.64/2 0.0611 1.3/5 
(1,0,0) (1,0,0) 0.99611 0.9811 	0 .9711 0.67/2 -1.461 2.7/5 
(1,0,0) (-1,0,0) 1.17611 0.7711 0.8011 1.5/2 0.0111 3.4 /5 
(1,0,0) (0,1,0) 1.08611 0.8611 	0 .8611 0.24/2 0.0211 13/8 
2100 	KQ, = 2900, 	/Cq = 4144  
p p' w h(w) h+ (,)rc x2/dof h_(w) x2/dof 
(0,0,0) (0,0,0) 1.000+ 0 1.02 1.0011 0. 65/2 0.0011 0/0  
(0,0,0) (1,0,0) 1.06211 0.9411 	0.9311 3 .8/2 -0.0111 20/ 5 
(1,0,0) (0,0,0) 1.037+ 1  0.9211 	0 .34/2 0.09 11 0.6 6/5 
(1,0,0) (1,0,0) 0.998k  0.9811 0.9611 0.9/2 -0.40 +53 1 3.2/5 
(1,0,0) (-1,0,0) 1.205 Ii 0.7611 	0 .7711 0 .89/2 0.0311 3.3 /5 
(1,0,0) (0,1,0) 1.10211 0.8511 0.8511 	0 .19/2 0.0511 9.6/8 
I'Q = 2100 	IQF 	3300, !cq 	4144  
p p' w h(w) h+ (,)rc x 2/dof I 	h_(w) x 2/dof 
(0,0,0) (0,0,0) 1.000+ 0 1.04 1.0011 g 	0 .63/2 0.0011 g 0/ 0 
(0,0,0) (1,0,0) 1.08811 0.9111 0.9011 4.3/2 0.0511 18/5 
(1,0,0) (0,0,0) 1.037k 0.9511 0.9211 	0 .15/2 0.13k  0.41/5 
(1,0,0) (1,0,0) 1.00511 0.9611 0.9311 1.4/2 0.02 3.6/5 
(1,0,0) (-1,0,0) 1.25211 0.7311 	0 .7411 0 .33/2 0.0611 3. 4/5 




IcQ = 2900 	PC 	 k + QI = 2100, 	q 	4144  ___ 
p p' w h+ (w) h+ (w) x2/dof h_() x 2/dof 

















(1,0,0) (1,0,0) 0.99811 1.0111 	0 .96k  0.11/2 0.810,53 1.7/5 
(1,0,0) (-1,0,0) 1.20511 0.7611 0 .7511 6.2/2 -0.0511 8.6 /5 
(1,0,0) (0,1,0) 1.10211 0.8611 	0 .8411 0.85/2 -0.0411 16/8 
!CQ = 2900 -p IcQI = 2500, 	Icq = 4144  
p p' w h+ (w) h+(w)rc x2/dof h- (w) x2/dof 
(0,0,0) (0,0,0) 1.000+ 0  1.06 1.0011 0.2/2 0.0011 0/0  
(0,0,0) (1,0,0) 1.047110.9911 0.9411 2.7/2 -0.1411 23 /5 
(1,0,0) (0,0,0) 1.06211 0.9111 	0 .8711 0.64/2 -0.0111 0.9 7/5 
(1,0,0) (1,0,0) 0.99611 1.02 11 0 .24/2  0.9611 1.31g ,96 2.3/5 
(1,0,0) (-1,0,0) 1.22811 0.7411 	0 .7311 5.2/2 -0.0311 8.2 /5 
(1,0,0) (0,1,0) 1.11211 0.8511 0 .8211 0.53/2 -0.0211 12/8 
IcQ = 2900 -p  icqi = 2900, 	Icq = 4144  
p p' w h+ (w) h+ (,)rc x2/dof h- (w) x 2/dof 
(0,0,0) (0,0,0) 1.000+ 0  1.07 1.0011 2.7/2 0.0011 0/0  
(0,0,0) (1,0,0) 1.06211 0.9811 	0 .9311 3/ 2 -0.0911 23/ 5 
(1,0,0) (0,0,0) 1.06211 0.931 0.8811 0.4/2 0.0211 0.49/5 
(1,0,0) (1,0,0) 0.99511 1.02111 0.9511 1.2/2 0.0011 0/0  
(1,0,0) (-1,0,0) 1.26211 0.721  0.7111 3.8/2 -0.0011 7.6 /5 
(1,0,0) (0,1,0) 1.128k  0.8411 0.8111 	0 .31/2 0.0111 8.9/8 
IcQ = 2900 	* rQ , = 3300, Icq = 4144  
p p' w h+ (w) h+ (w) x2/clof h- (w) x2/dof 
(0,0,0) (0,0,0) 1.000+  1.0811 1.0011 1/2 0.0011 g 0/0 
(0,0,0) (1,0,0) 1.08811 0.9611 0.9111 3.5/2 -0.0311 22/5 
(1,0,0) (0,0,0) 1.06211 0.9511 	0 .8911 0.21/2 0.0611 0.3 2/5 
(1,0,0) (1,0,0) 0.996111.00k  0.93k  2.2/2 -0.19 9,63 4.2/5 
(1,0,0) (-1,0,0) 1.31511 0.7011 	0 .6911 2/ 2 0.0211 6.8 /5 




ICQ = 2500 	= 2500, 	k g = 4144  
p p' w h+ (w) h+ (w) x2/dof h_(w) x 2/dof 
(0,0,0) (0,0,0) 1.00011 1.0411 1.0011 1.8/2 0.0011 0/0 
(0,0,0) (1,0,0) 1.04711 0.9711 0.9511 	3 .1/2 -0.0911 23 /5 
(1,0,0) (0,0,0) 1.047110.9211 0.9011 0.63/2 0.0311 1. /5 
(1,0,0) (1,0,0) 0.995+3  0.99+ 	0 .9611 0.83/2 0.0011 0/0  
(1,0,0) (-1,0,0) 1.19811 0.7611 0.7711 3/ 2 -0.0011 5.6 /5 
(1,0,0) (0,1,0) 1.09611 0.8611 	0.8511 0.43/2 0.01 jI 13/8 
= 2500 	* nQ , = 3300, 	k g 	4144  
p p' w h+ (w) h+(w)rc x2/dof h- (w) x2/dof 
(0,0,0) (0,0,0) 1.000+0  1.06 1.0011 	0 .74/2 0.0011 0/0  
(0,0,0) (1,0,0) 1.08811 0.9311 	0.9011 4 /2 0.0111 21/ 5 
(1,0,0) (0,0,0) 1.047110.9511 0.9111 	0 .17/2 0.0911 0.3 3/5 
(1,0,0) (1,0,0) 1.00111 0.9811 	0 .9311 1 .8/2 -0.05 3.9/5 
(1,0,0) (-1,0,0) 1.278110.7211 0.7211 0.94/2 0.0411 4.9 /5 
(1,0,0) (0,1,0) 1.13911 0.8211 	0 .8011 0 .23/2 0.0611 6.9/8 
3300 	+ kqi = 2500, 	kq = 4144  
p p' w h+ (w) h+ (w)' x2/dof h_(w) x2/dof 
(0,0,0) (0,0,0) 1.000111.0911 1.0011 0.083/2 0.0011 0/0 
(0,0,0) (1,0,0) 1.047111.0211 0.9511 	2 .3/2 -0.2111 21/ 5 
(1,0,0) (0,0,0) 1.08811 0.9011 	0.8411 0 .68/2 -0.0511 0.8 4/5 
(1,0,0) (1,0,0) 1.00111 1.04 1 0.951 1 0.072/ 2 0.510,45 1.8/5 
(1,0,0) (-1,0,0) 1.27811 0.7111 	0.6911 7.3/2 -0.0611 9.9/5 
(1,0,0) (0,1,0) 1.139110.8411 0 .7911 0.38/2 -0.0511 10/8 
rQ = 3300 	* ki = 3300, 	k g = 4144  
p p' w h+ (w) h+ (w)rc x2/dof h_(w) x2/dof 
(0,0,0) (0,0,0) 1.000111.1111 .0011 3.1/2 0.0011 0/0  
(0,0,0) (1,0,0) 1.08811 0.9811 0.9011 2.8/2 -0.0811 21/ 5 
(1,0,0) (0,0,0) 1.08811 0.9311 	0 .8511 0 .32/2 O.O1 0.43/5 
(1,0,0) (1,0,0) 0.99411 1.0511 0.9411 1.5/2 0.0011 0/0  
(1,0,0) (-1,0,0) 1.374+5  0.66 0.6411 3 .4/2 -0.0011 8.2 /5 
(1,0,0) (0,1,0) 1.184110.8111 0.7511 0.16/2 0.0111 5.3/8 
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2100, 	q 	4226  IQ = 2100 	* /Ci 	 /C ___ 
p p' w h+ (w) h+ (w) x2/dof h- (w) x2/dof 
(0,0,0) (0,0,0) 1.000+0 1.01+ i.oOt 0.35/2 0.00I 0/0 
(0,0,0) (1,0,0) 1.04Oii0.951t 0.95ii 3/2 -0.iot 19/ 5 
(1,0,0) (0,0,0) 1.040t 0.88t 	0.88i 0.61/2 0.02i 0.66/5 
(1,0,0) (1,0,0) 0.998t 0.9211 0.9111 	0 .17/2 0.0011 0/0  
(1,0,0) (-1,0,0) 1.16711 0.8311 0.8511 1.5/2 -0.0111 4.2/5 
(1,0,0) (0,1,0) 1.082110.8611 0.8711 0.21/2 o.00li 8/8 
2100 	!CQ' = 2500, 	/cq = 4226  
p p' w h+ (w) h+ (LO)rc x 2/dof h_(w) x 2/dof 
(0,0,0) (0,0,0) 1.00011 1.0211 1.0011 0.09/2 0.0011 0/0 
(0,0,0) (1,0,0) 1.051 j1 0.9511 0.9411 2.9/2 -0.0611 18/5 
(1,0,0) (0,0,0) 1.04011 0.9011 0.8811 0.5/2 0.0211 0.56/5 
(1,0,0) (1,0,0) 0.99811 0.9211 0.90511 0.28/2 -0.92t 1/5 
(1,0,0) (-1,0,0) 1.18911 0.8211 	0.8311 1.2/2 0.0111 4/5 
(1,0,0) (0,1,0) 1.09311 0.8511 0.8511 0. 1/2 0.0111 5.9/8 
mQ = 2100 	+ KQ, = 2900, 	lCq = 4226  
p p' w h+ (w) h+ (,)rc x2/dof h- (W) x2/dof 
(0,0,0) (0,0,0) 1.000+ 0 1.04 1.0011 0.087/2 0.0011 0/ 0 
(0,0,0) (1,0,0) 1.06811 0.9411 0.9211 3/ 2 -0.0111 16 /5 
(1,0,0) (0,0,0) 1.04011 0.9211 	0.8911 0 .3/2 0.0311 0.44/5 
(1,0,0) (1,0,0) 1.00111 0.9111 0.8811 0 .69/2 0.031 89 1.7/5 
(1,0,0) (-1,0,0) 1.22111 0.8011 	0.8111 0.88/2 0.0211 3.9/5 
(1,0,0) (0,1,0) i.iiili0.8411 0.8311 0.1/2 0.0311 4.3/8 
IcQ = 2100 	Ii 	3300, 	? q = 4226  
p p' w h+ (w) h+ (w)' x2/dof h- (w) x2/dof 
(0,0,0) (0,0,0) 1.00011 1.0511 1.0011 0.11/2 0.0011 0/0  
(0,0,0) (1,0,0) 1.09811 0.9211 	0.8911 3.1/2 0.0411 15 /5 
(1,0,0) (0,0,0) 1.04011 0.9411 0 .9011 0.12/2 0.0511 0.71/5 
(1,0,0) (1,0,0) 1.01011 0.8811 	0.8411 .6/2 0.409,41 2.8/5 
(1,0,0) (-1,0,0) 1.27411 0.7811 0 .7911 0 .48/2 0.0411 4/5  




lcQ = 2900 -_+ IcQl = 2100, 	IC q = 4226  
p p' w h(w) h+ (w) x2/dof h_(w) x2 /dof 
(0,0,0) (0,0,0) 1.000t 1.07t i.00t 0.65/2 o.00t 0/0 
(0,0,0) (1,0,0) 1.040t i.oit 0.951t 3/2 -0.20t 21/5 
(1,0,0) (0,0,0) 1.068t 0.89t 	0.85t 0.25/2 -0.O1ii 0.45/5 
(1,0,0) (1,0,0) i.00it 0.96t 0.90t 0.055/2 0.756  0.72/5 
(1,0,0) (-1,0,0) 1.221t 0.7911 0.7811 4/ 2 -0.0411 8. /5 
(11010) (01110) 1.111110.8611 0.8311 0.52/2 -0.0211 6.8/8 
r.Q = 2900 + i' 	2500, 	Kq=  4226  
p p' w h+ (w) h+(w)' x2/dof h_(w) x 2/dof 
(0,0,0) (0,0,0) 1.00011 1.0811 1.0011 0.61/2 0.0011 0/0 
(0,0,0) (1,0,0) 1.05111 1.00  0.9411 3.1/2  -0.1511 20/5 
(1,0,0) (0,0,0) 1.06811 0.9011 	0.8511 0.3/2 -0.0111 0.5 7/5 
(1,0,0) (1,0,0) 0.999+' 0.97+ 0.9011 0.065/2 0.95t 0.9 8/5 
(1,0,0) (-1,0,0) 1.24611 0.7911 	0.7611 3.2/2 -0.0311 7.5 /5 
(1,0,0) (0,1,0) 1.122110.8611 0.8111 0.21/2 -0.0111 5/8 
IC Q = 2900 	= 2900, 	kq = 4226 	_ ____ 
p p' w h+ (w) h+(w)' x2/dof h- (W) x2/dof 
(0,0,0) (0,0,0) 1.000111.0911 .0011 1.1/2 0.00110/0 
(0,0,0) (1,0,0) 1.06811 0.9911 0.9211 3.4/2 -0.1011 19/ 5 
(1,0,0) (0,0,0) 1.06811 0.921 0.8611 0.24/2  -0.0011 0.68/5 
(1,0,0) (1,0,0) 0.997+5  0.96+ 	0.8811 0.49/2 0.0011 0/0  
(1,0,0) (-1,0,0) 1.283+ ' 0.77 0 .7511 2 .4/2 -0.0111 7/5 
(1,0,0) (0,1,0) 1.140+ 5  0.84 0.8011 0.12/2 0.0111 3.5/8 
nQ =_2900_ 	= 3300, 	Kq = 4226  
p p' w h(w) h+ (LO)rc x2/dof h- (w) x2/dof 
(0,0,0) (0,0,0) 1.00011 1.10611 1.0011 g 0.34/2 0.0011 0/0 
(0,0,0) (1,0,0) 1.09811 0.9711 0.9011 3.7/2 -0.0411 18/5 
(1,0,0) (0,0,0) 1.06811 0.9411 	0.8711 0.13/2 0.0211 1. /5 
(1,0,0) (1,0,0) 1.00011 0.9111 0.8311 2.2/2 0.621 3.3/5 
(1,0,0) (-1,0,0) 1.34411 0.7511 	0.7311 .6/2 0.0111 6.5 /5 




= 2100 	* PtQ' = 2100, 	!cq = 4262  
p p'  hL(w) h+ (w)' x2/dof h_(w) x 2 /dof 















(1,0,0) (1,0,0) 1.001t0 5 82k" 0.79 
+12  
. 	-13 11 0.14/2 o.00t 0/0 
(1,0,0) (-1,0,0) 1.173+5  0.88 0 .89t 0.6/2 -o.00ii 3/5 
(1,0,0) (0,1,0) 1.087+ 5  0.86 0 .85t 0. 12/2 o.oit 3.6 /8 
xQ = 2100 -4 r. Q, = 2500, 	!cq = 4262  
p p' w h+ (w) h+ (w) x2/dof I 	h(w) x2 /dof 
(0,0,0) (0,0,0) i.000t 1.04t i.00t 0.51/2 O.00t 0/0 
(0,0,0) (1,0,0) 1.054i 0.97t 0.94t 2.1/2 -0.05t 11/5 
(1,0,0) (0,0,0) 1.043t 0.88j1 0.85t 0.73/2 -0.01i 0.9/5 
(1,0,0) (1,0,0) 1.001+' 0.81 012 .78t 12 0.099/2 0.44t 1.1 /5 
(1,0,0) (-1,0,0) 1.196+5  0.87 0.88t 0.48/2 o.00t 2.9 /5 
(1,0,0) (0,1,0) 1.099+" 0.85 0 .83t 0. 22/2 o.oit 2.4/8 
2100 	= 2900, 	Icq = 4262  
p p'  h(w) h+(w)rc  x2/dof h- (w) x2/clof 
(0,0,0) (0,0,0) 1.000+ 0  1.06 1.00ii 0.44/2 o.00it 0/0  
(0,0,0) (1,0,0) 1.071i1 0.96t 	0.93t 2/ 2 -0.00i 9.6/5 
(1,0,0) (0,0,0) 1.043t 0.90j 1 0.86i 0.51/2 -0.02t 0.73/5 
(1,0,0) (1,0,0) 1.005t 0.80t 012  .75t 12  0. 1/2 0.830,89 1.4/5 
(1,0,0) (-1,0,0) 1.229t 0.86t 	0 .8611 0 .36/2 0.Oili 2.8/5 
(1,0,0) (0,1,0) 1.117+' 0.83 0 .8011 0.27/2 0.0311 1.7/8 
xQ = 2100 -p xQ, 	3300, 	Kq=  4262  






























(1,0,0) (-1,0,0) 1.28611 0.8411 	0 .8311 0.22/2 0.0211 2.7 /5 




rQ 	2900 _ 	kç = 2100, 	k g = 4262  
p p'  w h(w) h+(W)rcx2/dof h_(w) x2 /dof 
(0,0,0) (0,0,0) 1.000+0  i .00ji1.3/2 o.00t 0/0 
(0,0,0) (1,0,0) 1.0431t 1.02t 	0 .95t 2.8/2 -0.19t 12/ 5 
(1,0,0) (0,0,0) 1.071t 0.88t 0.8311  0.22/2  0.0111 1.1/5 
(1,0,0) (1,0,0) 1.00511 0.85t 13 	0.79t 12 0.085/2 0.23t 1/5  
(1,0,0) (-1,0,0) 1.22911 0.8411 	0.8111 1 .6/2 -0.0411 5.9 /5 
(1,0,0) (0,1,0) 1.117110.8611 0 .8211 0.21/2 -0.0011 4/8 
* kQI 	2500, 	g 	4262  kQ 	2900 	 k 
p p'  w h+ (w) h+ (w) x 2/dof h_(w) x2/dof 
(0,0,0) (0,0,0) 1.00011 1.1011 1.0011 	0 .85/2 0.0011 0/0  
(0,0,0) (1,0,0) 1.054111.0211 0.9411 2.8/2 -0.1411 11/ 5 
(1,0,0) (0,0,0) 1.07111 0.8911 	0 .8311 0.3/2 -0.0111 1.2 /5 
(1,0,0) (1,0,0) 1.00211 0.861t 013 .78t 12 0. 17/2 0.1811   1. 4/5 
(1,0,0) (-1,0,0) 1.25611 0.8311 0.8011 1.3/2 -0.0211 5.5/5 
(1,0,0) (0,1,0) 1.12911 0.8511 0.8011 0.13/2 0.00k 2.8/8 
kQ = 2900 	* r. Q , = 2900, 	k g = 4262  
p p'  w h+ (w) h+ (,)rc x2/dof h_(w) x2 /dof 
(0,0,0) (0,0,0) 1.00011 1.1111 1.0011 0.29/2 0.0011 0/0 
(0,0,0) (1,0,0) 1.07111 1.0011 0.9211 3/2 -0.0811 10/5 
(1,0,0) (0,0,0) 1.07111 0.9111 0.8411 0.28/2 -0.0211 1.3/5 
(1,0,0) (1,0,0) i.00ili 0.85t 014 .77t 13 0.092/2 0.0011 0/0 
(1,0,0) (-1,0,0) 1.29511 0.821  	1 /2 0.7811 -0. 0111 5.1/5 
(1,0,0)__S2,1,0) j 1.14811 7 0.8411 6 0.7811 0.22/2 0.0111 2/8 
kQ = 2900 -* kQ! = 3300, 	k g = 4262  
p p'  w h+ (w) h+ (w) x2/dof h- (w) x 2 /dof 
(0,0,0) (0,0,0) 1.000111.1211 1.0011 0.034/2 0.0011 0/ 0 
(0,0,0) (1,0,0) 1.10311 0.9811 	0.8911 3.2/2 -0.0111 9.8/5 
(1,0,0) (0,0,0) 1.07111 0.9411 0.8511 0.16/2 -0.0211 1.5/5 
(1,0,0) (1,0,0) 1.005k0.79t 014 .71t 1/ 2 1.86t 2.1 /5 
(1,0,0) (-1,0,0) 1.359t 0.7911 7 0.7611 0.72/2 0.0111 4.5/5 
(1,0,0) (0,1,0) 1.18211 0.8111 0 .7511 0. 25/2 0.0311 1.7/8 
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C.2 Interpolation of h+(w) to the mass of the strange quark. 
These tables list the form factor h(w) for a spectator quark at the mass of the 
strange quark. The form factor h+(W)rcis the radiatively corrected and normalised 
physical form factor. The x 2/dof correspond to the goodness-of-fit of the inter-
polation to h(w). The velocities w have also been interpolated; the x 2/dof are 




K Q = 2100 	kQI = 2100, 	tC q = 0.1419 
p p' w h+ (w)' x2 /dof 
(0,0,0) (1,0,0) 1.039t 0.95t 0/1 
(1,0,0) (0,0,0) 1.039+1 0.90+ 	5 .1/1 
(1,0,0) (1,0,0) i.000t 0.991t 5 7.1/1 
(1,0,0) (-1,0,0) 1.162t 0.82i 1.1/1 
(1,0,0) (0,1,0) 1.080t 0.88t 	1 .1/1 
K Q = 2100 -p xQ , = 2500, 	Icq = 0.1419 
p p' __ h+ (w) x2 /dof 
(0,0,0) (1,0,0) 1.049t 0.94i 0.28/1 
(1,0,0) (0,0,0) 1.039i0.90i 5.7/1 
(1,0,0) (1,0,0) i.000t i.Ooit 	5 .5/1 
(1,0,0) (-1,0,0) 1.183t 0.80t 1 .1/1 
(1,0,0) (0,1,0) 1.090t 0.85t 	1 .2/1 
nQ = 2100 -* r.Q,  =2900,icq _0.1419 
p p' w h+ (w)' x 2 /dof 
(0,0,0) (1,0,0) 1.06511 0.9211 	0 .4/1 
(1,0,0) (0,0,0) 1.039110.9111 7.3/1 
(1,0,0) (1,0,0) 1.00011 0.9811 	5 .6/1 
(1,0,0) (-1,0,0) 1.21311 0.7811 .2/1 
(1,0,0) (0,1,0) 1.10611 0.8411 	.9/1 
2100 	* K Q,  = 3300, 	iC q 0.1419 
p p'  h+ (w) x2 /dof 
(0,0,0) (1,0,0) 1.093k  0.89k  0.35/1 
(1,0,0) (0,0,0) 1.03911 0.92116.5/1 
(1,0,0) (1,0,0) 1.00711 0.9611 	4 .1/1 
(1,0,0) (-1,0,0) 1.26311 0.7511 .2/1 




nQ =2900 	=2100, 	1q = 0.1419 
p p' w h+ (,)rc x2/dof 
(0,0,0) (1,0,0) 1.039t 0.96t 0.056/1 
(1,0,0) (0,0,0) 1.065 j  0.86k 0.36/1 
(1,0,0) (1,0,0) i.000t i.00ii 5.8/1 
(1,0,0) (-1,0,0) 1.213t 0.7511 0.59/1 
(1,0,0) (0,1,0) 1.10611 0.8411 	0 .16/1 
IiQ 	2900 	4 /Ci = 2500, 	'q = 0.1419 
p p'  h+ (w)' x2/dof 
(0,0,0) (1,0,0) 1.04911 0.9411 0.021/1 
(1,0,0) (0,0,0) 1.06511 0.8611 	0 .82/1 
(1,0,0) (1,0,0) 0.99911 1.0011 7.2/1 
(1,0,0) (-1,0,0) 1.23711 0.7311 	0 .85/1 
(1,0,0) (0,1,0) 1.117110.8211 0.33/1 
= 2900 	rQ , =2900, 	kq = 0.1419 
p p' __ h+(w) x2/dof 
(0,0,0) (1,0,0) 1.06511 0.9311 0.01/1 
(1,0,0) (0,0,0) 1.06511 0.8711 	2 .1/1 
(1,0,0) (1,0,0) 1.00011 0.9811 5 .3/1 
(1,0,0) (-1,0,0) 1.27211 0.7111 	.2/1 
(1,0,0) (0,1,0) 1.13411 0.8111 0 .55/1 
= 2900 -pK Q , = 3300, 	/cq = 0.1419 
p p'  h+ (w) x2/dof 
(0,0,0) (1,0,0) 1.09311 0.9011 0.33/1 
(1,0,0) (0,0,0) 1.06511 0.8811 5.2/1 
(1,0,0) (1,0,0) 0.99911 q 0.9411 3.1/1 
(1,0,0) (-1,0,0) 1.330+5  0.69 0 .79/1 
(1,0,0) (0,1,0) 1.164110.79k 1.7/1 
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C.3 Extrapolation of h+(w) to the chiral limit. 
These tables list the form factor h+(w) for a spectator quark of zero mass. The 
form factor h+(w)Ic is the radiatively corrected and normalised physical form fac-
tor. The x2/dof correspond to the goodness-of-fit of the extrapolation to h(w). 




/cQ = 2100 	+ rQ, =2100, 	ICq = 4315 
p p' __ h+ (w)' x 2/dof 
(0,0,0) (1,0,0) 1.043t 0.94 0.00/1 
(1,0,0) (0,0,0) 1.043t O.88j1 5.1/1 
(1,0,0) (1,0,0) i.000t i.00i 7.1/1 
(1,0,0) (-1,0,0) 1.177j10.8511 1.1/1 
(1,0,0) (0,1,0) 1.088110.8711  .1/1 
ICQ = 2100 	+rQ, =2500, 	/Cq = 4315 
p p' w h+ (,)rc x2/dof 
(0,0,0) (1,0,0) 1.05411 0.931 0.28/1 
(1,0,0) (0,0,0) 1.04311 0.8811 	5 .7/1 
(1,0,0) (1,0,0) 0.99911 1.00t' 5.5/1 
(1,0,0) (-1,0,0) 1.20011 0.8311 	.1/1 
(1,0,0) (0,1,0) 1.10011 0.8411 .2/1 
L 	ttq = 2100 -p 	2900, 	!cq = 4315 
p p'  h+ (w)' x 2 /dof 
(0,0,0) (1,0,0) 1.072+3 0.91+ 	0 .4/1 
(1,0,0) (0,0,0) 1.04311 0.9011 7 .3/1 
(1,0,0) (1,0,0) 0.99911 0.97i 5.6/1 
(1,0,0) (-1,0,0) 1.23511 0.8111 	.2/1 
(1,0,0) (0,1,0) 1.11811 0.8311 .9/1 
r. Q = 2100 	+rQ, =3300, 	lCq = 4315 
p p'  w h+ (,)rc x2/dof 
(0,0,0) (1,0,0) 1.10611 0.8911 	0 .35/1 
(1,0,0) (0,0,0) 1.04311 0.9111 6 .5/1 
(1,0,0) (1,0,0) 1.01211 0.9111 g 4.1/1 
(1,0,0) (-1,0,0) 1.294110.791 1.2/1 




ISQ = 2900 	=2100, 	lcq = 4315 
p p' w h+ (,)rc x2/dof 
(0,0,0) (1,0,0) 1.0431t 0.95t 	0 .056/1 
(1,0,0) (0,0,0) 1.072t 0.83t 0 .36/1 
(1,0,0) (1,0,0) 0.999t 1.02t 	5 .8/1 
(1,0,0) (-1,0,0) 1.235iO.78t 0 .59/1 
(1,0,0) (0,1,0) 1.118t0.83t 0.16/1 
ISQ = 2900 	+r.Q, 	2500, 	ICq = 4315 
p p'  h+(w)rc x2/dof 
(0,0,0) (1,0,0) 1.054k 0.94t 0.021/1 
(1,0,0) (0,0,0) 1.072t 0.831 0.82/1 
(1,0,0) (1,0,0) 0.99711 1.0211 	7 .2/1 
(1,0,0) (-1,0,0) 1.26211 0.7611 0 .85/1 
(1,0,0) (0,1,0) 1.13011 0.8211 	0 .33/1 
ICQ = 2900 	KQ,=2900, 	Icq = 4315 
__ h+ (w)' x2/dof 
(0,0,0) (1,0,0) 1.07211 0.921  0.00/1 
(1,0,0) (0,0,0) 1.07211 0.8511 	2 .1/1 
(1,0,0) (1,0,0) 0.99811 0.991 5.3/1 
(1,0,0) (-1,0,0) 1.30211 0.7411 	.2/1 
(1,0,0) (0,1,0) 1.15011 0.801 0.55/1 
ICQ 	2900 	KQ, =3300, 	Icq =4315 
p p' __ h+ (w)' x2/dof 
(0,0,0) (1,0,0) 1.10611 0.891 0.33/1 
(1,0,0) (0,0,0) 1.07211 0.861 5.2/1 
(1,0,0) (1,0,0) 0.99611 0.88t 	3 .1/1 
(1,0,0) (-1,0,0) 1.37111 0.7311 0 .79/1 
(1,0,0) (0,1,0) 1.186110.7911 1.7/1 
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Appendix D 
Pseudoscalar -f Vector 
D.1 The form factor hA1(w)  at fixed light quark mass 
This appendix lists all values of the form factor hA1 (w) of the decay B - D* ICI  
For details of the fitting method see Chapter 5. 
In the following tables I use the notation 
L 	hAI  (w) 	 i 	
. 
hA1 
L' PAi  (w)j 
() = 	[1 +/3A1(1)]; this s the unnormalised but radiatively cor- 
rected lattice form factor. The phyiscal form factor is obtained by dividing 




nQ = 2100 	* nQ, =2100, 	ICq = 4144 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) i.000t0.85i 4.2/2 
(0,0,0) (1,0,0) 2  1.O4Oit 0 	2  5.1/2 2 .t1 	2 
(1,0,0) (0,0,0) 1.037t 1 -2 0.79 + 
2 0.21/2 
(1,0,0) (1,0,0) i.000t 0.80i 2.9/2 
(1,0,0) (-1,0,0) 1.157t 3 
'7 0 .IJ_ 0.83/2 
(1,0,0) (0,1,0) 1.079t 0.77 	2 7.1/2 
r. Q  = 2100 	2500, 	h q 	4144 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000t ° o 0 8 	
2  5/2 
(0,0,0) (1,0,0) 1.0491t 2 2 0.81 
+ 2 
2 5.6/2 
(1,0,0) (0,0,0) 1.037+ ' 0.79 0.2/2 
(1,0,0) (1,0,0) i.00it 3 0.80+ -6 2.6/2 
(1,0,0) (-1,0,0) 1.176.11 3 
+ 
3 0.47/2 
(1,0,0) (0,1,0) 1.088t 3 0.76 k _3 6.3/2 
= 2100 -p ici = 2900, 	/cq = 4144 
p p' w h, (w) x 2/d.o.f. 
(0,0,0) (0,0,0) 1.000t °0 o 84 	
2  
-2 5/2 
(0,0,0) (1,0,0) 1.062t 0.79t 6 .2/2 
(1,0,0) (0,0,0) 1.037t 1  1 '78k 
2  
2 0.21/2 
(1,0,0) (1,0,0) 1.002t 0.79t 	2 .2/2 
(1,0,0) (-1,0,0) 1.201t 4 0.68 . 3 0.31/2 
(1,0,0) (0,1,0) 1.102 	4 0.74
+ 
1 	3  5.3/2 
2100 	rQ, =3300, 	'q 	4144 
p p' w h, (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000ii °0  o 8 	
2  
. 0 2 4.2/2 
(0,0,0) (1,0,0) 1.083t 3 0.76 k 
2  
 -2 7/2 
(1,0,0) (0,0,0) 1.037+1  0.77 0.26/2 
(1,0,0) (1,0,0) 1.007t 0.77t 	1 .8/2 
(1,0,0) (-1,0,0) 1.240t 4 0 6 ) .3 0.35/2 




rQ = 2900 	=2100, 	lcq = 4144 
p p' w h 1 (w) x 2/d.o.f. 
(0,0,0) (0,0,0) 1.000+0  0.89 2/2 
(0,0,0) (1,0,0) 1.04011 2 2 0.86 	
2 
-2 3.8/2 
(1,0,0) (0,0,0) 1.06211 2 2 0.78 
2 
-2 0.59/2 
(1,0,0) (1,0,0) 1.00311 0.8411 	2 /2 
(1,0,0) (-1,0,0) 1.20611  3 0.69 . -3 3.1/2 
(1,0,0) (0,1,0) 1.10411 3 0.75 -2  6.9/2 
= 2900 -f KQ 1 = 2500, 	IC q 	4144 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000+ ° 0 o 89 	
2 
-2 2.3/2 
(0,0,0) (1,0,0) 1.04911 2 2 85 
2 
. -2 4.1/2 
(1,0,0) (0,0,0) 1.06211 0.7811 	0 .5/2 
(1,0,0) (1,0,0) 1.00111  4 0.83+ . 5 1.9/2 
(1,0,0) (-1,0,0) 1.22711 0.6811 	2 .4/2 
(1,0,0) (0,1,0) 1.11411 0.7411 6 .3/2 
kQ = 2900 	+ 	2500, 	/C q = 4144 
p p' w hLA (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.00011 °0  o 89 	
2 
-2 2.3/2 
(0,0,0) (1,0,0) 1.04911 0.8511 4 .1/2 
(1,0,0) (0,0,0) 1.06211 2 2 0.78 	
2 
. -2 0.5/2 
(1,0,0) (1,0,0) 1.00111 0.8311 1.9/2 
(1,0,0) (-1,0,0) 1.22711  3 0.68 . 	3 2.4/2 
(1,0,0) (0,1,0) 1.11411 4 74+ -2  6.3/2 
= 2900 -* r.Q , =2900, 	/C q 	4144 
p p' w h 1 (w) x2/cLo.f. 
(0,0,0) (0,0,0) 1.00011 °0 o 88 	
2 
-2 2.6/2 
(0,0,0) (1,0,0) 1.06211 2 2 83 
2 
. -2 4.4/2 
(1,0,0) (0,0,0) 1.06211 0.7811 	0 .46/2 
(1,0,0) (1,0,0) 1.00011  4 0.82+ . 5 1.6/2 
(1,0,0) (-1,0,0) 1.257k 4 4 0.67 . 	3 2/2 
(1,0,0) (0,1,0) 1.12811 4 0 73 . -2 5.2/2 
kQ = 2900 	+ KQ , =3300, 	P q = 4144 
p p' w h, (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.00011 °0  o 86 	
2 
-2 2.9/2 
(0,0,0) (1,0,0) 1.08311 0.8011 4 .8/2 
(1,0,0) (0,0,0) 1.06211 2 2 0.76 	
2 
. -2 0.47/2 
(1,0,0) (1,0,0) i.000li0.8011 .3/2 
(1,0,0) (-1,0,0) 1.300110.6311 2.1/2 




ICQ = 2500 	* 	2500, 	/cq = 4144 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000t ° o 0 8'7 	
2  3.6/2 
(0,0,0) (1,0,0) 1.049t 2 2 0.83 
2  
-2 4.8/2 
(1,0,0) (0,0,0) 1.047t 3-2 0.79 + 
2 0.35/2 
(1,0,0) (1,0,0) i.000t 0.81t 	2 .3/2 
(1,0,0) (-1,0,0) 1.197i0•I 3 _3 1.2/2 
(1,0,0) (0,1,0) 1.098t 3-2  0.76 k 
2  6.7/2 
ICQ = 2500 _+ 	=3300, 	Icq = 4144 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000t ° o 0 8 	
2  3.8/2 
(0,0,0) (1,0,0) 1.083t 3 0.78 k 
2  
2 5.9/2 
(1,0,0) (0,0,0) 1.047t 32 0.77 + 
2 0.37/2 
(1,0,0) (1,0,0) 1.003t 0.78t 	1 .6/2 
(1,0,0) (-1,0,0) 1.2651t 0.64t 0 .99/2 
(1,0,0) (0,1,0) 1.134t 4-2 0.70 k 4.1/2 
KQ = 3300 -* IcQI = 2500, 	tcq = 4144 
p p' w hLA (w) x2/d.o.f. 
(0,0,0) (0,0,0) i.000t ° o 0 9O 	
2  
-2 1.5/2 
(0,0,0) (1,0,0) 1.049t 0.87t 3 .5/2 
(1,0,0) (0,0,0) 1.088i 2  0.76 k 2  0.52/2 2 
(1,0,0) (1,0,0) 1.007 t 0.85t 	1 .3/2 
(1,0,0) (-1,0,0) 1.276 k  4 0•UU 3 3.9/2 
(1,0,0) (0,1,0) 1.141t 4 '-' '79 -- 
+ 	
2 4.7/2 
!cQ = 3300 	* 	3300, 	/cq = 4144 
p p' w h 1 (w) x 2/d.o.f. 
(0,0,0) (0,0,0) 1.000t °0  o 88 	
2  
-2 1.9/2 
(0,0,0) (1,0,0) 1.083t 0.82 2  4/2 3 -2 
(1,0,0) (0,0,0) 1.088t 0.761t 	0 .47/2 
(1,0,0) (1,0,0) 0.999t 5  0 	'-'-- 	6  0.98/2 
(1,0,0) (-1,0,0) 1.357+ ' 5 0.63 3 3.6/2 
(1,0,0) (0,1,0) 1.178t0.70 5 




tQ = 2100 _* 	=2100, 	PCq = 4226 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) i.000ii0.87i 4.5/2 
(0,0,0) (1,0,0) 1.044t 0.84i 5.2/2 
(1,0,0) (0,0,0) 1.040t 0.78t 	0 .68/2 
(1,0,0) (1,0,0) 1.004t 0.75t 2 .2/2 
(1,0,0) (-1,0,0) 1.169t O.76t 	0 .24/2 
(1,0,0) (0,1,0) 1.087t 0.79t 4 .2/2 
I'CQ = 2100 	+ 2500, 	PC q = 4226 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000+0  0.87 4.2/2 
(0,0,0) (1,0,0) 1.055 ji 0.82t 	5 .3/2 
(1,0,0) (0,0,0) 1.040t 0.78t 0 .56/2 
(1,0,0) (1,0,0) 1.005 ii 0.74t 	1 .6/2 
(1,0,0) (-1,0,0) 1.190t 5 0.74t 5 0.089/2 
(1,0,0) (0,1,0) 1.097+" 0.78t 3.6/2 
K 	= 2100 -*KQ, =2900, 	ic = 4226 
p p' w h 1 (w) x 2/d.o.f. 
(0,0,0) (0,0,0) 1.000+ 0  0.86 3.2/2 
(0,0,0) (1,0,0) 1.069t 0.811 5.4/2 
(1,0,0) (0,0,0) 1.04011 0.781 0.51/2 
(1,0,0) (1,0,0) 1.007110.7311 0.94/2 
(1,0,0) (-1,0,0) 1.218110.7211 29/2 
(1,0,0) (0,1,0) 1.11311 0.7611 3/2 
IQ = 2100 - 	3300, 	Icq 	4226 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000+ 0  0.85 2.1/2 
(0,0,0) (1,0,0) 1.093+ 5  0.78 5 /2 
(1,0,0) (0,0,0) 1.04011 0.7711 	0 .5/2 
(1,0,0) (1,0,0) 1.01311 0.711t1 0.33/2 
(1,0,0) (-1,0,0) 1.261110.6911 5 /2 




KQ = 2900 	-2100, 	ICq = 4226 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) i.000t ° o 0 90 -2 3.4/2 
(0,0,0) (1,0,0) 1.044t 2  88 4.4/2 3 . 	-3 
(1,0,0) (0,0,0) 1.068t 2 0.78 + 1.4/2 3 _3 
(1,0,0) (1,0,0) 1.008t0.7811 1.6/2 
(1,0,0) (-1,0,0) 1.22311 0.72+ 1.2/2 
(1,0,0) (0,1,0) 1.11511 4 .11 3  
ü '+ 4.5/2 
2900 	4 kQI 	2500, 	!i q = 4226 
p p' w h 1 (w) x 2/d.o.f. 
(0,0,0) (0,0,0) i.000t ° o 0 90 	
2  
-2 3.1/2 
(0,0,0) (1,0,0) 1.05511 0.86k 4.4/2 
(1,0,0) (0,0,0) 1.06811 0.7811 1.2/2 
(1,0,0) (1,0,0) 1.00611 11+ 5 V.11 	9 1.2/2 
(1,0,0) (-1,0,0) 1.24611 0.7111 0 .83/2 
(1,0,0) (0,1,0) 1.126110.76 5 + 3.9/2 
1SQ = 2900 	=2900, 	/C q = 4226 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.00011 °0 o 89 	
2  
-2 2.7/2 
(0,0,0) (1,0,0) 1.069110.8511 4 .3/2 
(1,0,0) (0,0,0) 1.06811 2 32 0.78 + 1/2 
(1,0,0) (1,0,0) 1.005110.761t1g 0.69/2 
(1,0,0) (-1,0,0) 1.27911 6 6 0.71+  5 0.62/2 
(1,0,0) (0,1,0) 1.14211 6 6 0.76 + 4 3/2 
nQ = 2900 	ICQI = 3300, 	/cq = 4226 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.00011 0  0 0 88 	
2  
-2 1.9/2 
(0,0,0) (1,0,0) 1.093110 5 81 
2  
. 	3 3.9/2 
(1,0,0) (0,0,0) 1.06811 0.7611 0 .99/2 
(1,0,0) (1,0,0) 1.00611 6 0.74+'o  1 -11 0.21/2 
(1,0,0) (-1,0,0) 1.32811 8 8 0.66 . 	5 0.71/2 




KQ = 2100 -p nQ, =2100, 	!cq = 4262 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000+0  0.89 3.6/2 
(0,0,0) (1,0,0) 1.047j1 0.86t 	4 .5/2 
(1,0,0) (0,0,0) 1.04311 0.8011 0 .67/2 
(1,0,0) (1,0,0) 1.00811 0.6811 13 1.6/2 
(1,0,0) (-1,0,0) 1.17611 0.8111 	0 .11/2 
(1,0,0) (0,1,0) 1.092 071  11 2.1/2 
ISQ = 2100 - 	= 2500, 	/S q 	4262 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000+ 0 0.89 2.4/2 
(0,0,0) (1,0,0) 1.05811 0.8511 	4 .2/2 
(1,0,0) (0,0,0) 1.04311 0.8011 0 .54/2 
(1,0,0) (1,0,0) 1.00911 0.671t 014 .94/2 
(1,0,0) (-1,0,0) 1.19711 0.7911 	0 .13/2 
(1,0,0) (0,1,0) 1.10311 0.7911 6 1.7/2 
IcQ =2100+ ____2900,tCq = 4262 
p p' w h 1 (w) x 2/d.o.f. 
(0,0,0) (0,0,0) 1.000+ 0 0.88 1.3/2 
(0,0,0) (1,0,0) 1.074110.8311 3 .5/2 
(1,0,0) (0,0,0) 1.04311 0.7911 0.5/2 
(1,0,0) (1,0,0) 1.01111 0.65t 015 .34/2 
(1,0,0) (-1,0,0) 1.22711 0.7711 	0 .18/2 
(1,0,0) (0,1,0) 1.11911 0.7711 6 1.3/2 
2100* ICQF =3300,Kq= 4262 
p p' w h, (w) x 2/d.o.f. 
(0,0,0) (0,0,0) 1.000110.8711 0.6/2 
(0,0,0) (1,0,0) 1.09811 0.8111 	2 .6/2 
(1,0,0) (0,0,0) 1.04311 0.7911 0.54/2 
(1,0,0) (1,0,0) 1.01811 0.6211 0.15/2 
(1,0,0) (-1,0,0) 1.272110.7511 0.24/2 




= 2900 - 	tQl = 2100, 	Icq = 4262 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000t °0 o 92 -3 3.4/2 
(0,0,0) (1,0,0) 1.047t 4 . 0 9O -4 4.2/2 
(1,0,0) (0,0,0) 1.07111 0.79+ 5 1.5/2 3 i _4 
(1,0,0) (1,0,0) 1.01211 0.69t 	1 .3/2 
(1,0,0) (-1,0,0) 1.23211 0.7611 0 .22/2 
(1,0,0) (0,1,0) 1.12211; 0.7911 6 2.5/2 
nQ = 2900 -p KQ,  =2500, 	/cq = 4262 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.000110.9211 2.6/2 
(0,0,0) (1,0,0) 1.05811  4 0.88 . 	4 3.8/2 
(1,0,0) (0,0,0) 1.07111 0.7911 .4/2 
(1,0,0) (1,0,0) 1.01011  8 0.68+'-5 -14 0.76/2 
(1,0,0) (-1,0,0) 1.25711 0.7511 	0 .068/2 
(1,0,0) (0,1,0) 1.13411 0 	' 2/2 8 6 
IQ = 2900 	* 	2900, 	Icq = 4262 
p p' w h 1 (w) x2/d.o.f. 
(0,0,0) (0,0,0) 1.00011 ° o 0 9i 	
2 
. 3 1.6/2 
(0,0,0) (1,0,0) 1.074110.8711 3 .1/2 
(1,0,0) (0,0,0) 1.07111 3 0 79 . 	-4 1.3/2 
(1,0,0) (1,0,0) 1.01011 8 8 0.67 +16  -14 0.25/2 
(1,0,0) (-1,0,0) 1.29111 8 9 0 	
8 
8 58/2 
(1,0,0) (0,1,0) 1.15011 8 9 0 .I 1.5/2  
= 2900 	Ii = 2900, 	F q 	4262 
p p' w h, (w) x 2/d.o.f. 
(0,0,0) (0,0,0) 1.00011 0 o 
0.91+ 2 
. 	3 1.6/2 
(0,0,0) (1,0,0) 1.074110 5 8' .14 3.1/2 
(1,0,0) (0,0,0) 1.07111 0.791 1.3/2 
(1,0,0) (1,0,0) 1.01011 8 8 0.67+ 16  14 0.25/2 
(1,0,0) (-1,0,0) 1.29111 8 9 0.76 	
8 
. -8 0.0/2 
(1,0,0) (0,1,0) 1.150k 8 9 0 1.5/2 
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D.2 Interpolation of hA1(w)  to the mass of the strange 
quark. 
These tables list the form factor hA1 (w) for a spectator quark at the mass of the 
strange quark. The form factor h 1 (w) is the radiatively corrected and normalised 
physical form factor. The x2/dof correspond to the goodness-of-fit of the interpo-
lation to hA1 (w). The velocities w have also been interpolated to ic; the x 2/dof 




nQ = 2100 _+ 	=2100, 	lC q = 0.1419 
p p' w h7, (w)x2/dof 
(0,0,0) (1,0,0) 1.042ii.00t 0 /1 
(1,0,0) (0,0,0) 1.039+ ' 0.94 5.1/1 
(1,0,0) (1,0,0) i.000t 0.97t 	7 .1/1 
(1,0,0) (-1,0,0) 1.164t 0.87t 1 .1/1 
(1,0,0) (0,1,0) 1.083t 0.94t 	1 .1/1 
IcQ = 2100 -* icq = 2500, 	F q = 0.1419 
p p' w h% (w) x2/dof 
(0,0,0) (1,0,0) 1.052t 0.99t 	0 .28/1 
(1,0,0) (0,0,0) 1.039+' 0.94 5.7/1 
(1,0,0) (1,0,0) i.000t 0.97t 	5 .5/1 
(1,0,0) (-1,0,0) 1.183t 0.85i1 1.1/1 
(1,0,0) (0,1,0) 1.093t 0.93t 	1 .2/1 
IcQ = 2100 	rQ , =2900, 	K q 0.1419 
p p' w h7, (w) x2/dof 
(0,0,0) (1,0,0) 1.066t 0.98t 	0 /1 
(1,0,0) (0,0,0) 1.039t 0.95t 5.1/1 
(1,0,0) (1,0,0) i.000ii 0.98t 	7 .1/1 
(1,0,0) (-1,0,0) 1.210t 0.83t 1 .1/1 
(1,0,0) (0,1,0) 1.108 ii 0.92i 1.1/1 
K Q = 2100 	nQ, =3300, 	!cq 	0.1419 
p p' w h% (w)x2/dof 
(0,0,0) (1,0,0) 1.088t 0.96t 	0 .35/1 
(1,0,0) (0,0,0) 1.039110.9511 6.5/1 
(1,0,0) (1,0,0) 1.010+-5 0.9711 4 .1/1 
(1,0,0) (-1,0,0) 1.251110.8211 1.2/1 
(1,0,0) (0,1,0) 1.131+5 0.90+ 	2 .5/1 
178 
rQ = 2900 _4 kQI = 2100, 	Ic q = 0.1419 
p p' w h 1 (w) x2/dof 
(0,0,0) (1,0,0) 1.042t i.00t 	0 .056/1 
(1,0,0) (0,0,0) 1.06511 0.9011 0 .36/1 
(1,0,0) (1,0,0) i.000ii 0.9911 	5 .8/1 
(1,0,0) (-1,0,0) 1.21411 0.7911 0 .59/1 
(1,0,0) (0,1,0) 1.11011 0.8811 	0 .16/1 
I'CQ = 2900 	+rQ , 	2500, 	k q =0.1419 
p p' w h% (w) x 2/dof 
(0,0,0) (1,0,0) 1.05211 1.0011 	0 .021/1 
(1,0,0) (0,0,0) 1.06511 0.9011 0.8 2/1 
(1,0,0) (1,0,0) 1.00311 0.9911 	7 .2/1 
(1,0,0) (-1,0,0) 1.23711 0.7911 0 .85/1 
(1,0,0) (0,1,0) 1.12011 0.8811 0.33/1 
nQ = 2900 	r Q, =2900, 	k q = 0.1419 
p p' w h% (w) x 2/dof 
(0,0,0) (1,0,0) 1.066111.0011 0 .0/1 
(1,0,0) (0,0,0) 1.06511 0.9111 2.1/1 
(1,0,0) (1,0,0) 1.00011 0.9911 	5 .3/1 
(1,0,0) (-1,0,0) 1.26811 0.7911 .2/1 
(1,0,0) (0,1,0) 1.13511 0.8811 	0 .55/1 
KQ = 2900 -p icqi = 3300, 	/C q = 0.1419 
p p'  w h% (w) x 2/dof 
(0,0,0) (1,0,0) 1.08811 0.9711 0.33/1 
(1,0,0) (0,0,0) 1.06511 0.9111 5.2/1 
(1,0,0) (1,0,0) 1.00011 0.9911 9 3.1/1 
(1,0,0) (-1,0,0) 1.32011 0.7511 	0 .79/1 
(1,0,0) (0,1,0) 1.15811 0.8511 1.7/1 
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D.3 Extrapolation of hA1(w)  to the chiral limit. 
These tables list the form factor hA1 (w) for a spectator quark of mass zero. The 
form factor h 1 (w) is the radiatively corrected and normalised physical form factor. 
The x'dof correspond to the goodness-of-fit of the extrapolation to hA1 (w). The 




= 2100 	_+ 	=2100, 	ICq = 4315 
p p' w h% (w) x 2 /dof 
(0,0,0) (1,0,0) 1.049t 4-2 0.944 k 
2 0.00/1 
(1,0,0) (0,0,0) 1.043t 0.86ii 5.1/1 
(1,0,0) (1,0,0) 1.008t 0.87ii 7.1/1 
(1,0,0) (-1,0,0) 1.181t 0.83t 	1 .1/1 
(1,0,0) (0,1,0) 1.095t 6 6 
0.91+ 6 
—5 1.1/1 
nQ = 2100 —*rQ, = 2500, 	/cq = 4315 
p p' w h% (w) x2/dof 
(0,0,0) (1,0,0) 1.060+ " 0.93 0 .28/1 
(1,0,0) (0,0,0) 1.043t 0.86t 	5 .7/1 
(1,0,0) (1,0,0) 1.008t 0.87t 12 5.5/1 
(1,0,0) (-1,0,0) 1.204t 0.81t 	1 .1/1 
(1,0,0) (0,1,0) 1.106t 0.90t 1 .2/1 
= 2100 	*r.Q, =2900, 	Icq = 4315 
p p' w h% (w) x 2/dof 
(0,0,0) (1,0,0) 1.077t 0.92t 3  0.4/1 
(1,0,0) (0,0,0) 1.043 ii 0.87t 	7 .3/1 
(1,0,0) (1,0,0) 1.011+8 0.89 512 .6/1 
(1,0,0) (-1,0,0) 1.235t 0.80t 	1 .2/1 
(1,0,0) (0,1,0) 1.124t9 1  0.90t 1 .9/1 
2100 —f iqi 	3300, 	fCq = 4315 
p p' w h% (w) x2/dof 
(0,0,0) (1,0,0) 1.10311 0.9111 	0 .35/1 
(1,0,0) (0,0,0) 1.04311 0.8711 6 .5/1 
(1,0,0) (1,0,0) 1.018110.90t 412 .1/1 
(1,0,0) (-1,0,0) 1.283110.8011 1.2/1 




KQ = 2900 -*nQ, =2100, 	/cq = 4315 
p p' w h% (w)x 2/dof 
(0,0,0) (1,0,0) 1.049t O.96t 	0 .056/1 
(1,0,0) (0,0,0) 1.072t O.83t 0 .36/1 
(1,0,0) (1,0,0) i.oiit 0.92+ 1  5.8/1 
(1,0,0) (-1,0,0) 1.240t O.74t 	0 .59/1 
(1,0,0) (0,1,0) 1.125t 0.85ii 0.16/1 
= 2900 	* r.Q, = 2500, 	ICq = 4315 
p p' w h% (w)x 2/dof 
(0,0,0) (1,0,0) 1.060t0.95j1 0.021/1 
(1,0,0) (0,0,0) 1.072t 0.83i 0.82/1 
(1,0,0) (1,0,0) 1.009i0.92t 710 .2/1 
(1,0,0) (-1,0,0) 1.265t 0.74t 	0 .85/1 
(1,0,0) (0,1,0) 1.138+8  0.85 0 .33/1 
=2900 _ /CQI =2900, ICq = 4315 
p p' w h% (w) x2/dof 
(0,0,0) (1,0,0) 1.077t 0.951t 0.00/1 
(1,0,0) (0,0,0) 1.072t 0.83t 	2 .1/1 
(1,0,0) (1,0,0) 1.008t0.92t 5.3/1 
(1,0,0) (-1,0,0) 1.302+9  0.75 1 .2/1 
(1,0,0) (0,1,0) 1.155t0.821 0.55/1 
ICQ =2900_4 fQI _ 3300,fCq = 4315 
p p' w h% (w)x 2/dof 
(0,0,0) (1,0,0) 1.10311 0.9311 	0 .33/1 
(1,0,0) (0,0,0) 1.07211 0.8311 5 .2/1 
(1,0,0) (1,0,0) i.oiit 0.92t 3.1/1 
(1,0,0) (-1,0,0) 1.376t0.7211 0.79/1 
(1,0,0) (0,1,0) 1.183t0.8211 1.7/1 
